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80. Preface

The objective of these notes is to present the basic aspects of calculus. As
implied by the name, calculus contains many rules for calculation. These rules are
indeed important, but computer software packages allow many of these calculations
to be done by machine. The emphasisin these notes is on the concepts behind the
computational formulas. These concepts give calculusits power and importance.

The specific objectives are the following.

(1) Develop asolid understanding of functions and the geometric and algebraic
meaning of thegraph of afunction. Develop the ability to translate geometric
properties of the graph of a function into equations, and vice-versa.

(2) Develop understanding, not just algorithms.

(3) Know the difference between an identity and an equation, and be able to use
substitution rules stemming from identities correctly.

(4) Develop an intuitive understanding of limits.

(5) Develop an intuitive understanding of derivatives.

(6) Devlop an intuitive understanding of integrals.

(7) Develop the the ability to translate a verbal description of a problem into a
mathematical description, and vice-versa.

Throughout these notes are various exercises and problems. The reader should
attempt to work all of these. Solutions, sometimesin the form of hints, are provided
for most of the problems.

These notes begin with a sweeping overview of calculus that captures the two
most important ideas of the subject in arather intuitive way. Then these two basic
ideas are explored in a bit more depth together with the beginnings of a discussion
of how these ideas are used in practice. Finally the two initial ideas are explored at
nearly the ultimate level of detail and the discussion is broadened to include other
related idess.
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81. Mythology of Calculus

According to the dictionary, a myth is a traditional story serving to explain
some phenomenon, often an aspect of nature. In this section astory is given which
explains the essential ideas involved with calculus. The motivating observation is
that straight lines are simple, while general curves are complicated. The central
objective of calculusisto develop methods of using straight lines to study general
curves.

Suppose f(X) is areal valued function and imagine its graph. In fact, do more
than imagine its graph—draw the graph of the function you imagine on ablank piece
of paper. Select an arbitrary point a on the x axis and examine the corresponding
point (a,f(a)) on the graph. View the graph at a norma distance. From this
perspective you can see the behavior of the function for many values of x; this
behavior can depend in an erratic way on x. Narrow your field of vision to a small
region surrounding the point (a,f(a)) on the graph. Now only the details of the
graph near (a, f (a)) can beviewed. Narrow your field of vision even more until only
asmall region the size of a pencil eraser near the point (a, f(a)) isvisible. The part
of the graph that you can still see appears to be a straight line. Thisisthe first part
of the calculus story:

For any functionf and any point a on the x axisthe graph of f near (a, f (a))
Is approximately a straight line.

Exercise 1-1. Draw the graph of afunction f for which thereisapoint a a which
this statement isfalse. How did this happen?

Exercise1-2. Chooseasecond point b onthex axisand repeat thevisual experiment
with the point (b, f (b)) on the graph. Are the slope and intercept of the line you see
the same as before?

Thelinethat is found by conducting the above experiment at the point (a, f (a))
will be called the approximating line to the graph of f at the point (a,f(a)). The
collection of all of these approximating lines provides important information about
the graph of f.

Select adozen equally spaced points on the x axis and sketch short line segments
to represent the approximating line at each of these points. Now take a second
blank sheet of paper, placeit atop the first sheet and sketch only the approximating
lines on the new sheet. What function could have a graph with these lines as its
approximating lines? It's easy to sketch in the graph of the function, at least near
the points at which the approximating lines are drawn. This is the second part of
the calculus story.
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§1: Mythology of Calculus 4

A function can be completely reconstructed from its approximating lines
together with a single point known to be on the graph.

These two statements embody the central ideas of calculus. Taken together the
two statements above form what might be called the calculus story:

For any functionf and any point a on the x axisthe graph of f near (a, f (a))
isapproximately a straight line. Afunction can be completely reconstructed
froma given point on the graph and the slopes of all of these approximating
lines.

The remainder of the study of calculus consists of making the ideas contained
in the calculus story precise, and in devel oping techniques for putting these ideas to
use.

As a prelude to a precise retelling of the calculus story, the next two sections
contain foundational material on sets and functions.
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Problems

Problem 1-1. The graph of f(x) is shown in the picture below. Sketch the approx-
imating linesof f at thepointsx=1,x=2andx = 3.

f(x)

Problem 1-2. Inthe graph of f of the previous problem, at what values of x isthe
slope of the approximating line equal to 0? What is the distinguishing feature of
these points?

Problem 1-3. Some of the approximating lines of afunction g are indicated bel ow.
Use thisinformation to sketch the graph of g.

f(x)
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Problem 1-4. For a function h the slope of the approximating line is always
negative. If h(2) = 5, could h(12) = 17? Why?



§1: Mythology of Calculus

Solutionsto Problems
Problem 1-1.

f(x)

Problem 1-2. Atx=-2,x=2, and x = 4. These values of x mark thelocation
of peaks or troughsin the graph of f.

Problem 1-3.
f(x)

Problem 1-4. The function values must be getting smaller as x increases
from 2 to 12, otherwise some approximating line would have positive slope. So
h(12) = 17 isimpossible.
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Solutionsto Exercises
Exercise 1-1. One possihility is a graph of a function having a jump-type
break at a certain point. Near such a point the graph looks like two lines, not
one. Arethere other types of examples?

Exercise 1-2. The slope of the approximating line may change, as may the
intercept. Neither must change, however. Can you give an example for which
the slope and intercept of the approximating lines are the same at all points?



§2. Sets

Calculus has astrong geometric flavor. Geometric spaceis nothing morethan a
collection of points, and geometric objects in space consist of some sub-collection
of pointsin space. The mathematical language of setsis used to provide an accurate
description of geometric objects.

A set issimply a collection of objects. One might speak of the set of students
in this classroom, the set of bicycles on campus, and so on. Anindividual object in
aset iscaled an element of the set.

In mathematics, the sets of interest often consist of numbers. One of most often
used sets is the set of real numbers. The collection of al numbers which can be
written in decimal form (repeating or not) isthe set of real numbers, and is denoted
by R.

Giving setsavisual representationisoften very useful. Thevisual representation
of the set of real numbers R is as a straight, infinite, line. The individual numbers
(elements) are located along thisline.

Often, additional requirements are made which narrows the set of possible
values to a piece, that is, a subset, of the original set. The subset is specified
notationally by giving the condition required to be an element of the subset.

Example 2-1. The set of real numbers which are at least 3 is written notationally
as{x UOR :x=3}. Thenotation is read as “the set of x in the real numbers such
that x is greater than or equal to 3.” In this notation the colon isread as “ such that”
or “with the property that.” The notation x [1 R, which isread as* x isan element of
R,” meansthat the number x isan element of the set of real numbers. Theinequality
following the colon gives the additional property required to be a member of this
particular subset. This same set could be written {x : x 0 R and x = 3}.

Exercise 2-1. Givethisset avisua interpretation by graphing it on a number line.
Exercise 2-2. Trandateintowords. {x:x O R andx< 1/2}.

Exercise 2-3. Graph the set in the previous exercise.

Exercise2-4. 1s50 {x O R : %2 > x}?

As the example suggests, subsets of the real line are often connected with
algebraic problems involving a single variable. In many cases the relationship of
interest will be between two or more variables. A higher dimensional set isused as
the backdrop for visualizing such relationships.
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8§2: Sets 10

For a situation involving two variables the subsets will be visualized in a two
dimensional plane. Denote by R? the set {(x,y) : x 0 R andy 00 R}. Thisisthe set
of ordered pairs (X, y) in which each member of the pair isarea number. The two
numbers are called the coor dinates of the point. Visualy, R? is atwo dimensional
plane.

Example2-2. Theset {(x, yYVOR?:x=3andy= 5} canbevisualizedeasily. This
set consists of asingle point. As a notational convenience, this point is written as
(3.5).

Example 2-3. A basic way of visualizing a more complicated set, such as A =
{(x,y) OR?:y= 2x} is to first rewrite this set as {(x, 2x) : x 0 R} and then plot
severa individual pointsin the set, hoping to see a pattern. (This method istedious
for humans, but easy for computers.)

Exercise 2-5. What familiar geometric object is the set in the previous example?
Exercise 2-6. Istheset B = {(2x,4x) : x J R} the same asthe set A?

The previous exercise illustrates that the same set can have many different
descriptions. Showing that two descriptions are describing the same set is accom-
plished by taking an arbitrary element meeting the first description and showing that
this element also meets the second description, and vice-versa.

Example 2—4. Are the sets {(x,y) OR%2:x-y= 5} and {(t,t-5):t R} the
same? Suppose (x,Y) isin the first set. Using the condition givesy = x—5, soin
fact (x,y) = (X, x—5), and since x isarea number, this point meets the requirement
to be an element of the second set. On the other hand, suppose (t,t —5) isin the
second set. Sincet — (t —5) = 5, this point meets the requirement to be in the first
set. Thus the two descriptions are describing the same set.

Exercise2—7. Istheset{(s+5,9) : s R} the same as the set in the example?

Sometimes a set has no elements. The set with no elementsis called the empty
set and is denoted by [1.

Example 2-5. The set {x OR:x?= —5} has no elements, so {x OR:x?= —5} =
.

Spaces of dimension larger than 2 are often useful as well. Denote by RY the
set {(Xg,..., %) : X ORforl<i<d}. Thisisthe set of ordered d-tuples of real
numbers. Most of the work here will involve the spaces R? and R3. The resultsand
ideas can be easily carried over into spaces of higher dimension.
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Problems
Problem 2-1. Find the set {x OR: V2= x} and graphiit.
Problem 2-2. Findtheset {x [0 R : 2x+ 3 = 5} and graph it.
Problem 2-3. Find the set {x OR: (X+2)2=x>+4x+ 4} and graph it.

Problem 2—4. Write in set notation: the set of real numbers between 4 and 7,
exclusive. What geometric object is this set?

Problem 2-5. Write in set notation: the set of points in the plane for which the
second coordinate is 2 more than the first coordinate. What geometric object isthis
Set?

Problem 2—6. Trueor False: 7 O {x OR:x2-2x+5> 3}.

Problem 2—7. Trueor False: The point (2, 3) isan element of the set

{(x,y) OR?:xy—5x= 7}.

Problem 2-8. Arethe sets
{(x,y) OR?:2x+3y=7and4x+6y = 14}

and
{(st) OR?:6s+9t=21}

the same? Geometrically, what are these sets?

Problem 2-9. Consider the region S = {(x,y) OR?:0sx<20<y< x+4}.
Sketch the region S, and label each corner of the region with the coordinates of
the corner point. What is the area of the region S?

Problem 2-10. Graphthesat {(xy):0<x<20<y<x?}.
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Solutionsto Problems

Problem 2-1. {x OR:v&=x! = {xOR:x20}. The graph is the half
line beginning at the 0 and extending to the right.

Problem 2-2. {xOR:2x+3=5} = {xOR :x=1} which graphs as a
single point.

Problem 2-3. {xOR:(x+2)?=x?+4x+4} = R. Theequation (x + 2)? =
X2 + 4x + 4 is an example of an identity, since equality holds for all values of x
for which both sides are defined.

Problem 24. {xOR:4<x<7}. This set is aline segment, without its
endpoints.

Problem 2-5. {(x,y) OR?:y=x+2} or {(x,x+2) : xOR}. Thissetisa
line.

Problem 2-6. Here7isarea numberand 72-2x7+5=49-14+5=40> 3,
S0 the answer istrue.

Problem 2—-7. Since2x3-5x2=-4#7 theanswer isfalse.

Problem 2-8. Yes. If (x,y) isin the first set, then 2x + 3y = 7 and by
multiplication the second requirement is also met. Multiplying by 3 shows that
6x + 9y = 21, so the point (X, y) meets the requirement to be in the second set.
If (st) isin the second set, then 6s+ 9t = 21 and division by 3 shows that
2s+ 3t = 7 while multiplication by 2/3 shows that 4s + 6t = 14 aso holds. So
the requirementsfor (s, t) to beinthefirst set are satisfied. Thusthe two setsare
the same. Geometrically, the setsare alinein R2.

Problem 2-9.

(0, 4)/

The area is the area of a rectangle plus the area of atriangle, and is4 x 2 +
(1/2)2x2=10.

Problem 2-10. This set is the region in the plane bounded above by the

12
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parabolay = x?, the x-axis, and the line x = 2.

(2.4)
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Solutionsto Exercises
Exercise 2-2. The set of real numbersthat are less than or equal to 1/2.

Exercise2-3. Thegraph isan infinite ray which extends from the point 1/2 to
the | eft.

Exercise 2-4. The number 5isarea number and 52 = 25 > 5, so the answer
isyes.

Exercise2-5. A linethrough the origin.

Exercise 2-6. Yes, each point in B has a second coordinate which istwice its
first coordinate.

Exercise 2-7. Yes. If (s+5,9) isin this new set, then sihce s+5-s =5,
this point meets the requirement to be in the first set of the example. On the
other hand, if (x,y) isin the first set of the example, then x = y + 5 so that
(xy) =(y+5,y), and sincey isarea number this point meets the requirement
to be in the new set. Thus the new set and the first set of the example are the
same. Can you give the argument to show that the new set and the second set of
the example are the same?



83. Functions

Calculusinvolves the study of functions. A function consists of three parts.
(1) A set called the domain of the function.
(2) A set called the range of the function.

(3) A rulewhich assignsto each element of the domain one and only one element
of the range.

Often a function is specified just by giving the rule. In such cases the domain is
then understood to be the largest set on which the rule makes sense, and the range
is the set of output values that results by applying the rule to each of the elements
in the domain.

Example 3-1. Therule(x,y) — x+Y defines afunction with domain R? and range
space RY. (The symbol - isread ‘mapsto.’)

Usually functions are given a symbolic name which is attached to the rule.
Example 3-2. A function f can be defined by the formulaf(x,y) = x+y.
Exercise 3-1. What isthe domain and range of the function g(x, y) = /Xy?

Example 3-3. What isthe domain and range of the function h(x,y) = (x+y,x-Yy)?
The formula defining h makes sense for any pair of input values, so the domain is
R?. Any pair of output values are also possible, so the rangeis R? aswell.

Exercise 3-2. What pair of input values x and y would produce an output value of
(2, 3) for the function h?

Exercise 3-3. What isthe domain and range of the function k(x,y) = (X -y, X-V)?

The graph of afunction isthe set of all possible pairs of e ementsfor which the
first element of the pair liesin the domain of the function and the second element of
the pair is the corresponding output value. The graph must therefore lie in a space
whose dimension is the sum of the dimensions of the domain and the range of the
function.

Example 3-4. The graph of the functionf(x,y) = x+vyis
{0y F00y) - (0 y) OR?E = {0y, x+y) : (xy) OR?}.
Notice that the graph is a subset of 3 dimensional space.

Example 3-5. In what space does the graph of the function g(x,y) = (2x, x—y) lie?
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83: Functions 16

In most cases here, the functions of interest here will have some subset of R as
their domain, and some subset of either R or R? as their range. Notation such as
f : R - R?isused to denote afunction whose domain is a subset of R and whose
rangeis a subset of R?.

There are five basic ways to build new functions from existing ones. Four of

the methods are based on direct application of the four basic arithmetic operations.

(1) Thesum of two functionsf and gisthefunctionf +gwhoseruleis(f +g)(x) =

f(x) + g(x). The domain of the sum consists of those elements which liein

both the domain of f and the domain of g. There is no convenient way of
describing therange of f + g.

(2) The difference of two functions f and g is the function f — g whose rule is
(f —9)() =f(x) —9(x).

(3) The product of two functions f and g is the function fg whose rule is
(fg)(¥) = f(x)9(X).

(4) The quotient of two functions f and g is the function f/g whose rule is
(f/9)(x) = f(x)/g(x). Thedomain of f/g consists of those elements x that are
in both the domain of f and the domain of g which also have the property
that g(x) # 0.

The fifth way of combining two functions is to use the output of one function
as input to another. If the range of the function g is contained in the domain of the
function f, the composition of f with g, denoted f - g, isthe function defined by the
formula(f - g)(v) = f(g(v)). Notice that the function which isapplied first isthe one
farthest to the right in the notation.

Example 3-6. Suppose f has domain and range R and is given by f(x) = 2x -3
while g has domain R and is given by g(X) = x2. Then (f - g)(x) = 2x* - 3. Notice
that (g o f)(X) = (2x — 3)2.

Occasionaly, for agivenfunctionf therewill beanother function which ‘ undoes
what f does.’” This function is called the inver se function of f and is denoted by
f~1. The requirements for the inverse function are that

f71(f(x)) = x for al x in the domain of f, and
f(f*(x)) = x for al x in the domain of f* (which is the range of f).

Graphically, the function f has an inverse function only if the graph of f passes the
horizontal line test: each horizontal line intersects the graph of f in at most one
point. Algebraically, the function f has an inverse function only if the equation
y = f(x) can be solved uniquely for x whenever y isin the range of f.

Example 3—7. If f(X) = 2x - 3 then f1(x) = (x + 3)/2. Simple substitution shows
that the two requirements are met.
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Problems
Problem 3-1. Write the graph of the function f(x) = x? in set notation.
Problem 3-2. Trueor False: If f : R - R?thegraph of f isasubset of R?.
Problem 3-3. Trueor False: For any real number x, VX2 = x.

Problem 3—4. True or False: If g has an inverse function and if g(2) = 0 then
g0 =2

Problem 3-5. Consider the function g(t) = (t + 5,t> — 7t). What is the domain of
g? In what space does the range of g lie? In what space does the graph of g lie?

Problem 3-6. Trueor False: If f : R? — R itispossiblethat f(2,3) = (1,7).

Problem 3—7. Supposeg(t) = (t,t?) and f(x,y) = (X -y, x + V). What isf - g? What
isgof?

Problem 3-8. Supposef(t) = 1/(1 +t?) fort > 0. Doesf™ exist? If so, find it.

Problem 3-9. Suppose g(t) = (t, 3t). Does g exist? If so, find it.
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Solutionsto Problems

Problem 3-1. Thegraphis {(st) OR?:t=s’}. Thiscould also be written
as{(x.x?) :xOR}.

Problem 3-2. False. The graph isasubset of R,
Problem 3-3. False. The equality holds only for non-negative real numbers.
Problem 34. True.

Problem 3-5. Thedomainof gisR. Therangeof gliesin R?, whilethe graph
of gliesin R®.

Problem 3-6. Fase. The output value of f must be a number.
Problem 3-7. (f - g)(t) = (t - t?t + t?), while g » f does not make sense.

Problem 3-8. Notice that the range of f isthe set of real numbersy for which
0<y<1 Nowify=1/(1+1t?, solving for t givest = \/U/y—-1. Thus

fl(y) = /Uy-1.

Problem 3-9. Therange of g isaline through the origin with slope 3. Since
each valueif t corresponds to exactly one point on the line, g™* does exist. Now
if (x,y) isapoint in the range of g, the value of t that produces this point under
the mapping gisx. Thusg(x,y) = x. Notice that the formulag™(x,y) = y/3is
also valid. There are many others.
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Solutionsto Exercises
Exercise 3-1. Thedomainis{(x,y) : xy = 0}; therangeis{x O R : x= 0}.

Exercise3-2. Theinput valuesmust satisfy x+y = 2and x—y = 3, fromwhich
x=5/2andy=-1/2.

Exercise 3-3. Thedomain is R?, but the range is the line with equation y = x
inR?,

Exercise 3-3. Thegraph liesin 4 dimensional space.

19



84. The Calculus Story Examined

In the next five sections the calculus story is examined in somewhat greater
detail. In particular the problem of finding the equation of the approximating lineis
studied. This study leads to the restatement of the calculus story in symbolic form.
In addition two physical interpretations are given to the slope of the approximating
line. These interpretations are then used to develop some applications of the two
fundamental ideas of calculus. The discussion culminates in the Fundamental
Theorem of Calculus, which recasts the two aspects of the calculus story in asingle
equation.
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85. Approximating Lines and Reconstruction

In this section the equation of the approximating line of afunction is examined
in more detail. The calculus story is then retold in symbolic form. Once this is
accomplished, techniques from algebra can be used for computations.

Given afunction f and a point a on the x axis the equation of the line seen in
the earlier visual experiment isto be computed. Evidently thislineisdetermined by
the points (b, f (b)) on the graph of f at points b which are near a. For convenience,
write such pointsb asb = a+ swhere sisasmall number, that is, sisanumber that
iscloseto O.

Example 5-1. Look at the simple example in which f(x) = x2. What is the
approximating line near x = 3? The objective is to study the graph of f near the
point (3,f(3)) =(3,9). Now

f(3+9) =(3+9°=9+6s+5

for any value of s, small or not. The term 9 + 6sis recognizable as the equation of
alinewith slope 6 in the variable s. If siscloseto zero, % is much, much smaller
than s. So for values of s close to zero, f(3 + s) is very nearly equal to 9 + 6s, that
IS, the values of f(3 + s) nearly fall on the line with equaiton 9 + 6s. So the slope of
the approximating line is 6. Notice aso that f(3) = 9, and the equation above has
theform f(3+s) = f(3) + 65+ S°.

The slope of the approximating line to the graph of the function f (x) at the point
x = ais called the derivative of the function f at the point x = a and is denoted
f'(a).

Example 5-2. The previous example has shown that for the function f(x) = X2,
f'(3) = 6.

Example 5-3. For the function f(x) = x? the slope of the approximating line at an
arbitrary point x = a can be computed in asimilar manner. For any value of s,

fa+9) =(a+9)?=a’+2as+s =f(a) + 2as+ <.

If sisnear 0, s? is much smaller than s and this last expression is nearly equal to
f(a) +2as, whichisthe equation of alinewith slope 2a (recall that sisthevariable!).
Thusf’(a) = 2a.

Exercise 5-1. What isthe slope of g(x) = x° at x = 2? At x = a?

The previous exercise suggests that computing slopes in any particular case
Is a mechanical, though perhaps tedious, process. This is amost always true.
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85: Approximating Lines and Reconstruction 22

Fortunately there are some simple rules for carrying out this process. These rules
will be developed later.

The preceding discussion allows the calculus story to be retold in symbolic
form.

For any function f and any point a on the x axis the derivative f' (a) is the
number for which the equation

f(a+s) =f(a) +sf'(a) + error small relativeto s
holds for all snear O.

The reconstruction part of the calculus story istold symbolically by neglecting
the terms small compared to s and using the approximation f (a + s) = f(a) + sf' (a).
This alows the graph of f to be approximately reconstructed from knowledge of
the derivative by moving from left to right in small steps of size s from any given
starting point. This method of reconstruction is called Euler’s method, after the
Swiss mathematician Leonhard Euler.

Example5-4. Toillustrate thereconstruction part of the story, suppose the function
e(X) has the property that € (X) = e(x) and (0) = 1. To sketch the graph of &(x)
some points on the graph will be found. Thefact that e(0) = 1 isgiven, so one point
on the graph is known. Now select a small number s near 0, say s = 0.1. From the
defining property of derivative with a = 0 and s = 0.1, ¢(0.1) = 0) + (0.1)€' (0)
up to error that is small relativeto s. Since € (0) = ¢0) = 1, thisgives ¢0.1) =
e(0) +€(0)(0.1) =1+ 1(0.1) = 1.1, approximately. So a second point on the graph
has been found. Applying the general formula again, this time with a = 0.1 and
s=0.1givese0.2) = ¢0.1) + (0.1)¢/(0.1) = 1.1 + (0.1)1.1 = 1.21, approximately,
since €(0.1) = ¢0.1) = 1.1 as found a moment ago. The results can be nicely
summarized in atable.

X &(x) ¢
0 1 1
0.1 11 11
0.2 121 121

0.3

This process can be continued to find as many points of the graph of e(x) as
required to make a nice sketch.

Exercise 5-2. Fill inthe next row in the table of values of g(x).

Exercise 5-3. What would happen in the example if s = 0.01 were used instead of
s=0.1?
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There are some other notationsthat are used in connection with derivatives. The
derivative of the function f at the point x and is denoted either by f'(x) or —f(x).
If the derivative is to be computed at a particular point, say x = 5, the notation for

the derivativeis either f'(5) or df(x)‘ :
dx X=5

. . d
Example 5-5. The computations of the earlier example show that d—xx2 =2X.

Exercise 5-4. What is ;Xx:"?

Asseeninthe preceding exercise, thederivative of afunctionisitself afunction,

which again has a derivative. The derivative of the derivative of f(X) isthe second
2

derivativeof f andisdenoted either by f'' (x) or dxzf (x). Thisprocessof computing
additional derivatives can be continued indefinitely.

Example5-6. If f(X) = x2 thenf'(x) = 2x, f''(x) =2, and f'""(x) = O.
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Problems
. d
Problem 5-1. What |sd—x5’?

Problem 5-2. How are the derivatives of 2f (x) and f (x) related? Is there anything
special about ‘2’ ?

. d
Problem 5-3. What is &(3x2 +7x+5)?

Problem 5-4. For afunction g(x) the slope of the approximating lineat xis 1—g(x).
If g(0) = 0 sketch the graph of g(x) for 0 < x < 4. You may wish to use spreadsheet
software or a computer program.

Problem 5-5. Steel beams can be manufactured in any thickness t between 1 and
1,000 millimeters. Theload bearing capacity of abeam increases continuously with
the thickness of the beam. For 1 <t < 1000, the load bearing capacity ranges from
0.1 to 15,000 kilograms. Denote by L(t) the load bearing capacity, in kilograms,
of a beam of thickness t, in millimeters. In the context of the information given,
what is the domain of the function L? What is the range of L? Why does L have
an inverse function? What is the physical interpretation, in this context, of the
quantity L™(500)? If L(3) = 0.2 and L'(3) = 0.5, approximately what load would
be supported by a beam 3.1 millimeters thick?

Problem 5-6. Below isthe graph of afunction f(x). Sketch the graph of f'(x).

f(X)
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Problem 5-7. Below isthe graph of h'(x). Sketch the graph of h(x), assuming that
h(-3) = -1.

h' (x)
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Solutionsto Problems

Problem 5-1. Herethink of 5 asthe function which takesthe value 5 no matter
what x is. Since the graph of this function is a horizontal line, the slope of the
approximating lineis always 0. So %5 =0.

Problem 5-2. Computing gives
2f(a+s)—2f(a) = 2(f(a+s) —f(a)) = s2f'(a) + error small relativeto s

which is twice the slope of the approximating line for f(x) a x = a. Thus

&Zf ) = Z&f(x). This argument works just as well for any number in place

of the 2.
Problem 5-3. 6x+ 7. Isthere ageneral rule for %(f (X) +g(x))?

Problem 5-4. The graph looks something like this.

1.0 a(x)
0.75
0.50
0.25
1 1 1 \
0 1 2 3 4

The computations were done as outlined in the last example of this section.

Problem 5-5. Thedomainof Listheset{t R : 1<t < 1000}. Therange of
Listheset{x O R : 0.1 < x < 15000} . Sincetheload bearing capacity increases
with beam thickness, each load bearing capacity is associated with one, and only
one, thickness. Thusif aload bearing capacity in the range of L is specified, the
thickness corresponding to that capacity is uniquely determined. The quantity
L™1(500) is the thickness of beam required to support a load of 500 kilograms.
From theinformation given, L(3.1) = L(3) +L'(3)(0.1) = 0.2+ (0.5)(0.1) = 0.25
kilograms, approximately.
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Problem 5-6.
f'(X)
l/ii
/
{ I I I I I ]
-3 -2 -1 1 3 4
X
Problem 5-7.

h(x)
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Solutionsto Exercises
Exercise 5-1. At x = 2 the computation would be g2+ s) = (2+9)% =
8+12s+65° + > = g(2) + 125+ 65° + . If sisnear O this last expression is
nearly equal to g(2) + 12s. Sog'(2) = 12. Similarly ¢ (a) = 3a2.

Exercise 5-2. ¢(0.3) = ¢0.2) +(0.1)€' (0.2) = 1.21 + (0.1)(1.21) = 1.331. Do
you agree that €(0.4) = 1.4641, approximately?

Exercise5-3. Thecomputed approximate val ues of the function would change
dightly. The newly computed values would most likely be more accurate. A
discussion of the error in using the reconstruction method will be given |ater.

Exercise 54. Using the earlier exercise and substituting x for a gives d—xx3 =
3.
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86. Interpretations of the Derivative

There are two important interpretations of the derivative of afunction f.

The first interpretation is geometrical and springs from the discussion above.
The derivative of f at the point X = ais the slope of the approximating line to the
graphof f at thepoint (a, f(a)). Thisinterpretation has many practical consequences.

Example 6-1. Suppose the derivative of afunction g isaways positive. The slope
of the approximating line is therefore always positive. The values of the function
g must get larger as x gets larger. This means that g is increasing: if x <y then
9(x) < a(y)-

The second interpretation of the derivative is as a rate of change. The reason
for thisinterpretation can best be seen in an example.

Example 6-2. Suppose D(t) denotes the position of a particle on the horizontal
axisat timet. Thederivative of D(t) attimet = asatisfiesD(a+s) = D(a) + sD'(t),
neglecting the error term which is small relative to s. Solving this approximate
equation gives

D(a+s)-D(a)

ats—a

approximately, for any s near, but not equal to, 0. The numerator of this ratio is
approximately the change in the particle’s position betweentimesaand a+s. The
denominator is the elapsed time. The ratio is thus the change in position per unit
time, that is, the velocity of the particle at timet = a.

D'(t) =

Exercise 6-1. Why isthe numerator only approximately the change in the position
of the particle between timesa and a + s?

Generally, the derivative ' (x) can be interpreted as the rate at which the values
of the function f are changing per unit change in x when x is the value of the
independent variable.

Either of thesetwo interpretations can be used in the context of agiven problem.
Often one of the interpretations provides away of translating averbal problem into
amathematical problem.
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Problems

Problem 6-1. If D(t) = t2 - 4t for t > 0 is the position of a particle on the x axis at
timet, for what values of t isthe velocity positive? Negative?

Problem 6-2. Sketch the graph of the velocity of the particle of the previous
problem.

Problem 6-3. What isthe acceleration of the particle? (The acceleration istherate
at which the velocity is changing.)

Problem 6-4. Suppose V(t) isthe volume of water in areservoir at timet. Givea
verbal interpretation of V' (t). How would the fact that the reservoir is filling with
water be expressed mathematically?

Problem 6-5. The demand D(p) for a good depends on the price p of the good.
Give averbal interpretation of D' (p). What is the expected sign of D' (p)?

Problem 6-6. Wealth is measured in dollars, but the usefulness (or utility) of w
dollars may be different for different people. Suppose U(w) is the utility of total
wealth w to a particular person. How is the fact that this person feels that more
wealth is more useful expressed mathematically? As this persons wealth increases,
the usefulnessof an extradollar declines. How isthisfact expressed mathematically?

Problem 6-7. Thefuel consumption, in gallons per hour, of acar traveling at speed
v in miles per hour is C(v). What is the meaning of C' (v)? What is the meaning of
v/IC(v)?
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Solutionsto Problems

Problem 6-1. The graph of D(t) is a parabola which opens up and has vertex
att = 2. Thevelocity ispositiveif t > 2 and negativeif t < 2.

Problem 6-2. On the one hand D' (t) = 2t — 4 which graphs as a straight line.
However one can aso proceed qudlitatively as follows. First graph D(t) and
several of its approximating lines. Then eyeball the slopes of these approximat-
ing lines and sketch the graph of these dopes versust. Unless your eyeball is
really good, you won't get exactly a straight line, but you will see qualitatively
what the velocity is.

Problem 6-3. Theaccelarationis2.

Problem 64. V'(t)istherateat whichthevolume of thewater in thereservoir
ischanging in time. If the reservair isfilling, then V' (t) > 0.

Problem6-5. D'(p)istherateat which demand changeswithprice. Ordinarily,
as price increases, demand decreases. One would expect D' (p) < O.

Problem 6-6. Inthefirst case, U'(w) > 0. Inthe second U''(w) < 0. Here
U’ (w) isthe second derivative of U, that is, U'' (w) is the derivative of U’ (w).

Problem 6-7. Here C'(v) isthe change in fuel consumption per unit increase
in speed when the speed isv. The quantity v/ C(v) is the gas mileage, in miles
per gallon, when the speed isv.
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Solutionsto Exercises

Exercise 6-1. If thetimes a and a + s are far apart, the particle may have
wandered far from the origin between these times. This fact would not be
accounted for in D(a+s) and D(a), sincethese are the position at these two times
only and do not reflect the motion of the particle in between these times.
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87. Applications of the Derivative

Many of the important applications of the derivative are found in the process
of constructing mathematical models of physical phenomena. Indeed, calculus was
invented largely to provide amathematical basisfor physics. Thismodeling process
isexamined herein afew relatively simple cases.

The first applications will be to the physics of motion. The essential physical
ideas are thefollowing. Objects possess aproperty called mass. Forces, which have
both magnitude and direction, cause objects to move. Suppose a one dimensional
coordinate system is fixed and denote by D(t) the position of an object in this
coordinate system at timet. The velocity v(t) of the object at timet is defined to
be the derivative of D(t). The acceleration a(t) of the object at time t is defined
to be the derivative of v(t). The momentum of an object at timet is defined to be
the product of its mass and velocity at time t. The fundamental physical law is
Newton’s equation of motion:

Net Force at timet = Rate of Change of Momentum at timet.
The right side of this equation clearly involves a derivative.

Example 7-1. A ball of mass5 kilogramsisdropped from atall building. Neglect-
ing air resistance, the only force acting on the ball is gravity. Take the origin of the
coordinate system to be at the top of the building, and the positive direction to be
down. If g isthe gravitational constant then Newton’'s equation of motion is

d
59 = aSv(t).

Since :tSV(t) = 5;[V(t) = 5a(t), this equation can be written as a(t) = g. The ball
experiences a constant acceleration.

Theequation of motioninthepreviousexampleiscalled adifferential equation
because the equation involves the derivative of an unknown function (in this case,
v(t)). A large number of equations arising in physics and engineering, and many
other disciplines, are differential equations. Often these equations can be solved to
give an explicit formulafor the unknown function. In other cases, the solution can
only be sketched directly from the equation. In any case, the second part of the
calculus story plays a prominent role.

Exercise 7-1. Sketch the acceleration, velocity, and distance functions for the ball.
Since the ball is dropped, v(0) = 0. (The gravitational constant g is approximately
9.8 meters per second per second.)
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Example 7-2. A morerealistic model isobtained by including aterm reflecting air
resistance. One simple model is that the magnitude of the force of air resistanceis
proportional tothevelocity. The constant of proportionality reflectstheaerodynamic
properties of the object. For ssimplicity, suppose this constant is 2. The direction of
the air resistance force is aways in the opposite direction of the velocity. With the
same conventions as before the equation of motion becomes

d
59— 2v(t) = aSv(t).
The motion of the ball is quite different in this case.

Exercise 7—2. What isthe acceleration in this case?

Exercise 7-3. Sketch the graph of the velocity as a function of time. Assume that
v(0) = 0.

The preceding examples have illustrated how a differential equation can be
derived from a general physical principle. The next example illustrates how a
differential equation can arise from the analysis of a given situation. This example
uses one of the most important techniques in the application of mathematics. The
technique is sometimes referred to as the method of dicing.

Example 7-3. A tank contains 500 liters of pure water at timet = 0. Starting at
timet = 0, 30 liters per minute of a 20% alcohol solution enters the top of the tank.
Also starting at timet = 0, 30 liters per minute of the mixed solutionisdrained from
the bottom of the tank. Suppose C(t) isthefraction of the solution in the tank which
is alcohol at timet. Since the tank always contains 500 liters of liquid, 500C(t) is
the amount of alcohol in the tank at timet. For small s,

500C(t + s) = 500C(t) + (30)(0.2)s - (30)C(t)s + error small compared to s

by considering the amount of alcohol entering and leaving the tank in the short time
interval fromttot+s. ThusC'(t) = 6/500—(30/500)C(t) isthedifferential equation
governing the fraction of the solution which is alcohol at timet.

Exercise 7-4. For large values of t, what is the approximate value of C(t)?
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Problems

Problem 7-1. Inthe dropped ball example suppose the magnitude of the air resis-
tance force is 10\v(t). Write the equation of motion. Assume v(0) = 0. Sketch
the velocity as a function of time. Could you use spreadsheet software to make a
sketch?

Problem 7-2. In the previous problem how do things change if v(0) = 200?

Problem 7-3. Both the area A(r) and the circumference C(r) of a circle depend
on theradiusr. What is the relationship between A(r) and C(r)? Hint: Thereisa
differential equation lurking here. Draw two concentric circles, one with radius r
and the other with slightly larger radiusr + sand ook at the difference of their areas.

Problem 7-4. The rate of compound interest paid by an investment changes with
time. Attimet theinterest rateis 6(t). The investment isworth 100 at timet =0
and only increases in value due to deposits of interest. How are the value V(t) of
the account at timet and the interest rate related?

Problem 7-5. At timet = 0 alarge tank is filled with 1000 liters of pure water.
At time t = O two pipes begin to add liquid at the top of the tank. One of the
pipes continuously adds 20 liters per minute of a solution which is 5% alcohol by
volume; the other pipe continuously adds 30 liters per minute of a solution whichis
40% alcohol by volume. Theliquid in the container is continuously and vigorously
stirred. Attimet = 0 a pipe at the bottom of the container starts continuously
withdrawing 50 liters per minute of the mixture from the container. Denote by C(t)
the fraction of the solution in the tank which is alcohol at timet. What is C(0)?
Write the equation expressing the relationship between C' (t) and C(t) implied by
the given facts. What is the approximate fraction of the solution in the tank that is
alcohol after the mixing process has been in operation for along time?
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Solutionsto Problems
Problem 7-1. The equation of mationis

5g — 104/V(t) = %5V(t),
Your sketch should show that the velocity never exceeds (5g/ 10)? = 25.
Problem 7—2. The velocity decreases from 200 initially to 25 astime goes on.

Problem 7-3. From the picture of the two concentric circles, A(r +s) —A(r) =
C(r)sis approximately true. Thus A’ (r) = C(r) isthe relationship.

Problem 7-4. Attimet+ swhichisdglightly greater than t it must be approxi-
mately true that V(t +s) — V() = V(t)d(t)s. Hence V' (t) = S(t)V(t).

Problem 7-5. C(0) = 0, since thetank isinitialy filled with pure water. Here
1000C(t) is the amount of alcohol in the tank at time t. Thus 1000C' (t) =
(0.05)(20) + (0.40)(30) — 50C(t) or C'(t) = 0.013 — 0.05C(t). After along time,
the process will reach equilibrium at afraction C for which C' (t) is nearly zero.
Thisfractionis0 = 0.013 - 0.05C or C = 13/50 = 0.26.
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Solutionsto Exercises

Exercise 7-1. Since a(t) = g = 9.8, the acceleration function is a constant
function which has a horizontal line as its graph. Since V' (t) = a(t), the ap-
proximating lines for the velocity function all have the same slope and the same
intercept. The graph of v(t) is a line through the origin with slope 9.8. The
distance funtion is a parabola with vertex at the origin.

Exercise 7-2. Theacceerationisa(t) = g — (2/5)v(t).

Exercise 7-3. Using g = 9.8 atable of values can be constructed as before.
The graph looks like this.

245 v(t)

— T T T T T T T 71 ¢t
0O 1 2 3 4 5 6 7 8 9 10

The horizontal asymptoteisat level 5g/2 = 24.5. Can you explain why?

Exercise 74. For large values of t, the fraction of alcohol in the tank reaches
equilibrium on physical grounds. Thus C'(t) = O for large t. Using the differ-
ential equation and this fact shows that C(t) = 6/30 = 0.20 for large t, in accord
with physical intuition.
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§8. Examining the Reconstruction Process

The reconstruction process is viewed in a geometric way which connects the
reconstruction processto the computation of area. The definiteintegral isintroduced
to represent this area symbolically.

The second part of the calculus story is summarized symbolically by the ap-
proximate equation f(a + s) = f(a) + sf’ (a) which holds provided sisnear 0. This
equation provides a useful way of numerically completing the reconstruction pro-
cess. The objective now is to understand this reconstruction process in away that
is conceptually simpler.

To begin, consider the graph of the function f'(x) and select two pointsb > a
which are near each other on the x axis. The situation is illustrated in the picture
below. Since a and b are near each other, the area of the region between the x
axis and the curve f'(x) for a < x < b is approximately the same as the area of
the rectangle with vertices at (a, 0), (b, 0), (b,f'(a)) and (a,f'(a)). The area of this
rectangle is f'(a)(b —a). Since b —a is small, the difference b — a can be used
in place of s in the defining formula for the derivative. This substitution gives
f'(@)(b-a) =f(b) —f(a), approximately. Thusfor b near a

Area between the graph of f’(x) and the x-axisfora< x<b=f'(a)(b-a)
=f(b) —f(a).

What happensif a and b are not near?

' (x)

@t (@),

a b

Suppose a and b are just alittle too far apart to be called near, but there is a
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point ¢, a < ¢ < b which isnear to both a and b. Reasoning as before then gives
Area between the graph of f'(x) and the x-axisfora<x<b
= Area between the graph of f’(x) and the x-axisfora< x<c
+ Area between the graph of f'(x) and the x-axisforc<x<b
=f'(a)(c-a)+f'(c)(b-0)
= (f(c) —f(a) + (f(b) —f(c))
=f(b) —f(a).
Thisisthesameresult asbefore! 1f aand b are even further apart, moreintermediate

points can be introduced and the same argument can be repeated. The general
conclusion is that

Area between the graph of f'(x) and the x-axisfora< x < b =f(b) —f(a)
whether a and b are close or not!

Exercise 8-1. Suppose two intermediate points are needed. Verify that the same
argument can be extended to this case and gives the same resullt.

The problem of reconstructing thefunction f (x) from knowledgeof itsderivative
f' (x) isthesameasthe problem of finding the areabetween the graph of thederivative
and the x-axis between any two points on the axis. Notice that the computational
method shows that the area found is a signed area: intervals over which the graph
of f'(x) lies below the axis make a negative contribution to the computation of this
area.

Some terminology and notation have been developed to make discussing the
computation of areas symbolically easier. If g(x) is any function the area between
the graph of g(x) and the x-axisfor a < x < b is called the definite integral of g(x)

b
for x between a and b and is denoted / g(X) dx. In this notation, a is the lower

limit of integration and b is the upperalimit of integration. Also the function g
appearing inside the integral is the integrand. The dx in the notation is simply a
reminder that X is the variable of integration.

Thecomputational formuladevel oped above, and thisdiscussion, issummarized
in the Fundamental Theorem of Calculus. For any function f and any points a
and b

/bf'(x)dxzf(b)—f(a).

This theorem plays a central role in the discussion that follows.

b
A final note on the notation is this. If a > b then / g(x)dx = - /b ) g(x) dx.

Thisisin keeping with both the Fundamental Theorem and the fact that the integral
represents a signed area.
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Problems

3
Problem 8-1. Compute / 2xdx by using the Fundamental Theorem of Calculus
0
and also by finding the area of atriangle.

b
Problem 8-2. Suppose h'(x) = f'(x) for al x. Is/ f'(x) dx = h(b) — h(a)?

3
Problem 8-3. ; 2xdx by using the Fundamental Theorem of Calculus and also
by finding the area of two triangles. What is going on?

3
Problem 8-4. What isthe geometric interpretation of / |2x| dx and how doesthis
-3
3
compare with / 2xdx?
-3

Problem 8-5. Trueor False: If thefunction ghasdomain R andif g hasan inverse
function, then the graph of gt isthe set {(g(X), X) : x 0 R}.
712+

- m>a

Problem 86. Trueor False/
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Solutionsto Problems

3
Problem 8-1. Since %(xz = 2x the Fundamental Theorem gives / 2xdx =

0
F-0=09.

Problem 8-2. Since h'(x) = f'(x) for al x, the areas determined by the two
graphs are the same.

Problem 8-3. Computationsinvolving the Fundamental Theorem treat ‘ areas
below the axis as though they were negative.

Problem 8-4. The presence of the absolute values restores the interpretation
as geometrical area of the region between the graph of the function and the axis.

Problem 8-5. True, since g~*(g(x)) = x for al x in the domain of g.

Problem 8-6. True, since the graph of the integrand lies entirely above the
horizontal axis. Thus the area represented by the integral must be positive.
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Solutionsto Exercises

Exercise 8-1. Supposea < ¢ < d < b and the adjacent points are deemed to
be near.

Area between the graph of f'(x) and the x-axisfora<x<b
= Area between the graph of f/(x) and the x-axisfora< x<c¢
+ Area between the graph of f' (x) and the x-axisforc< x<d
+ Area between the graph of f'(x) and the x-axisford < x<b
=f'(a)(c-a) +f'(c)(d-c) +f'(d)(b-d)
= (f(0) — (@) + (f(d) —f(c)) + (F(b) - f(d))
=f(b) -f(a).
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89. Interpretations of the Definite Integral

There are two important interpretations of the definite integral.

The first interpretation is the immediate by product of the previous discussion.

b
The integral / g(x) dx of afunction g(x) from x = ato x = b is the signed area of

the region bounded by the graph of the function and the x-axisfor a < x < b. This
signed areadiffersfrom the geometrical areaof theregion in that in the computation
of the definite integral any portions of the region that lie below the axis are taken to
have negative area.

Exercise 9-1. How can the geometric area of the region bounded by the graph of
g(x) for a < x < b bewritten as an integral?

b
Thesecondinterpretation of the definiteintegral / g(x) dxisastheaccumulated

rate of change, that is, the total amount changefor a <'x < bwhen the rate of change
iIsg(X). Thisinterpretation can more easily be seen in the context of an example.

Example 9-1. In the faling ball example consider earlier let D(t) be the total
distance the ball has fallen by time t. Then D'(t) is the downward velocity of the
ball at timet, that is, the rate of change of the distance fallen. By the Fundamental

2
Theorem, / D'(t)dt = D(2) - D(1). Now D(2) — D(1) isthe total distance the ball
1

2

fallsbetweentimet = 1andt = 2. So/ D' (t) dt isthe accumulated rate of change
1

of distance fallen.

Example 9-2. The area between the graph of f' (x) and the x-axisfora< x< blies
between the area of two rectangles. The larger rectangle hastheinterval a< x< b
as its base and has height given by the maximum value of f'(x) on the interval.
The smaller rectangle has the interval a < x < b asits base and height given by the
miniumum value of f’(x) on the interval. Geometric reasoning shows that, in fact,
thereisarectangle having theinterval a < x < b asits base and height equal to some

b
value of f'(x) which hasthesameareaas/ f'(xX)dx. If cisthenumbera<c<b
a

for which f'(c) isthe height of this rectangle, thenf'(c)(b—a) = /bf’(x) dx. This
equality is one version of the Mean Value Theorem. A second verion is obtained
by applying the Fundamental Theorem to the right side of the equation to obtain
f'(c)(b—a) = f(b) —f(a). The Mean Vaue Theorem is of great importance in the
theoretical development of calculus.
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Problems

Problem 9-1. SupposeD(t) isthe position of aparticle onthe horizontal axisat time
5 5
t. What is the difference in interpretation between / D' (t) dt and / ID' ()] dit?
0 0

Problem 9-2. Suppose the region bounded by the graph of x and the x-axis for
-3 < x < 3, with x measured in feet, is to be painted. How much paint isrequired if
one gallon of paint covers 200 square feet?

Problem 9-3. Suppose C(t) istherate of cash inflow to a corporate bank account at
timet. Negative values of C(t) represent cash outflow. If the account had abalance
of 100,000 at timet = 0, write an expression for the amount of cash in the account
attimet =5.

Problem 9-4. Erin has constructed a simple model for water flow into and out of
alake. She defined the following functions.
(2) V(t) isthe volume, in liters, of water in the lake at timet.
(2) R(t) istherate, in liters per hour, at which water is entering the lake from a
river at timet.
(3) C(t) istherate, in liters per hour, at which water is exiting the lake through
acreek at timet.

(4) E(t) istherate, in liters per hour, at which water is evaporating from the lake
at timet.

She believesthat there are no other significant inflows or outflows of water from the
lake. Timet = O istaken to be noon January 1, 2005 and time is measured in hours.
Write an expression for V' (t) in terms of the other functions. Write an expression
for the total amount of water lost through evaporation between time 0 and 24. Inthis

7
context, what isthe physical interpretation of / R(t) dt? If R(5) = 123, compute an
5

7
approximate value for / R(t) dt. Explain the physical conditions, in this context,
5
under which your approximate answer is reasonable.
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Solutionsto Problems

5
Problem 9-1. /D'(t)dtisthechangeispositionbetweentimeOandSWhiIe
0

5
|D'(t)] dt isthe total distance the particle has travelled between time 0 and
0
5. These two quantities may be different!

3
Problem 9-2. The amount of paint requiredis/ [x®| dx/ 200 gallons. Notice
-3

3 3
that/ |x3|dx:2/ X2 dx = 162/ 4.
-3 0

5
Problem 9-3. The amount at timet = 5is 100, 000 + / C(t) dt.
0

Problem 9-4. Sincethere are no other significant inflows or outflows, V' (t) =
24

R(t) - C(t) — E(t). The evaporative lossis / E(t) dt liters. Theintegral isthe

volume of water, in liters, that entered the Ioake from the river between times 5
and 7. Since the integral represents the area between the graph of R(t) and the
axis, this area should be approximately the area of a rectangle with height R(5)
and width 7-5 = 2. Sotheintegral is approximately 123 x 2 = 246. If theriver
inflow is nearly constant this approximation should be reasonable.
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Solutionsto Exercises

b
Exercise 9-1. Writethe geometric areaas / [9(x)| dx.
a



810. Progress Report and a Look Ahead

The previous five sections complete a second look at calculus. The original
calculus story was turned into symbolic form, and this symbolic form gave rise to
formulas that were useful for computing the slope of the approximating line if the
function itself was given, as well as for reconstructing the graph of the function if
the slopes and intercepts of all the approximating lines were given. The derivative
was seen to have two interpretations. These interpretations were useful in applying
the ideas of calculus in some practical situations. The reconstruction problem led
to the idea of the definite integral, which was also seen to have two interpretations.
The Fundamenta Theorem of Calculus connected in an explicit way the concept of
derivative and integral.

In the next few sections, computational methods are developed for computing
both derivatives and definite integrals.
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811. A Refinement of the Fundamental Equation

In order to develop computational methods that are correct, the error term in
the fundamental equation

f(a+s) =f(a) +sf'(a) + error small relativeto s

must be understood in amore precise way. What exactly does it mean to say that a
guantity that depends on sis small relative to s?

Example 11-1. The quantity s is small relative to s because the ratio s*/s = sis
small whenever sissmall (but sisnot zero!).

Example 11-2. The quantity s¥2 is not small relative to s, since s¥3/s = 1/s%3
which is alarge positive number when sis small. Note again that the ratio is not
defined when s = 0.

The examplesraisetwo key issues. Firgt, stating that aquantity issmall relative
to s means that the quantity divided by s must be small whenever sis close enough
to 0. Second, the value of the quantity when s = O isirrelevant to this discussion,
sincetheratio is not defined when s = 0.

To avoid writing the phrase ‘small relative to s’ repeatedly in the discussions
that follow, any quantity that issmall relativeto swill be denoted by the symbol o(s),
which isread ‘little-o of s’ This notation was popularized by the mathematician
Edmund Landau in his 1909 book Handbuch der Lehre von der Verteilung der
Primzahlen.

Example 11-3. In the first example above, the fact that s? is small relative to s
would be written s? = o(s).

Keep in mind that the symbol o(s) may represent different quantities each time
the symbol is written. The important fact is that o(s) always represents a quantity
that issmall relativeto s.

Example 11-4. Since s* = o(s) and s° = 0(s), §* + S° = 0(s) too. More generally,
o(s) + o(s) = o(s). Thislast equation trand ates into the phrase that the sum of two
guantities which are each small relative to sisitself small relativeto s.

Using this notation, the fundamental equation becomes
f(a+s) =f(a) +sf'(a) +0(s).

In this form the equation can be easily manipulated algebraically in order to derive
computational formulas.
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How small does s have to be in order for o(s)/s to be near zero? There is no
real answer to this question. The important point is that o(s)/s can be forced to be
as close to zero as desired simply by requiring sto be near (but not equal to) zero.

Example 11-5. The assertion that s> = o(s) is correct because the ratio s¥/s = &
can be forced to be close to zero by requiring that sis near zero. If someone wants
to force |s*/s| < 0.0001, all that is necessary isto require 0 < |s| < 0.01.

Exercise 11-1. What requirement on swill force |s%/s| < 0.000001?
Exercise 11-2. What requirement should be made on sto force |s°/s| < 0.00017?

This notion that function values can be forced to be near a particular number
by imposing requirements on the independent variable is embodied in the concept
of limit. Thelimit of h(x) asx approachesaisL, denoted !(irg h(x) = L, if thevalues
h(x) can be forced to be near L by requiring x to be near, but not equal to, a. The
notion of limit will be explored in more detail later. The key observation for now is
that Isi m o(s)/s=0.
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Problems
Problem 11-1. Isit truethat o(s) — o(s) = 0?
Problem 11-2. Trueor False: 1000(s) = o(S).
Problem 11-3. Trueor False: so(s) = o(S).
Problem 11-4. Trueor False: o(s)/s = 0(S).

Problem 11-5. The notation O(s), read ‘big-o of s,’ is used to denote a quantity
that is about the same size as s, for s near 0. Stated more precisely, a quantity is
O(s) provided that the absolute value of the quantity is smaller than afixed number
timess, for snear 0. Isit true that O(s) + O(s) = O(s)? IssO(s) = 0(s)?
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Solutionsto Problems

Problem 11-1. Not necessarily. For example, each of &> and s° are o(s), but
the difference & — s> is not zero. The difference might be zero, but generally all
that can be asserted is that o(s) — o(s) = o(9).

Problem 11-2. True. Multiplying a quantity that is small relative to s by a
number produces a quantity that is still small relativeto s.

Problem 11-3. True.
Problem 11-4. False. Whiles? = 0(s), $/s = sisnot small relativeto s.

Problem 11-5. Both statements are true.

51
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Solutionsto Exercises
Exercise 11-1. Inthiscaserequiring O < |s| < 0.001 will do.

Exercise 11-2. Since |s°/s| = &%, the requirement on sis0 < |s| < 0.1.



812. Seven Rulesfor Computing Derivatives

There are five basic ways in which two functions can be combined to form a
new function: addition, subtraction, multiplication, division, and composition. The
following rules alow the derivative of the function formed in any combination of
these five ways to be computed in terms of the derivatives of the functionsthat were
combined. This greatly simplifies the computation of derivatives.

Addition Rulefor Derivatives. Iff(X) and g(X) are functions and if f' (X) and g' (X)
both exist and are finite then (f + Q)' (X) =f'(X) + g’ (X).

proof : Theobjectiveisto compute (f +g)(x+s) for small sand identify theterm of order s. Since
f(x+s) =f(X) +sf'(x) +0o(s) and g(x + ) = g(X) + sg' (X) + 0(s), Simple computation gives

(f+g)(x+9g) =f(x+s)+g(x+s)
=f(x) +sf'(x) + g(x) + ' (X) +0(s)
=(f +9)() +s(f' () +g' (¥)) +s).

Hence (f +g)' (X) =f'(X) + g’ (X), asclaimed. 1
Example 12-1. Using thisrule, (x+ x2)" = (X)' + (x*)" =1+ 2x.

Example 12-2. An earlier problem established the Constant Multiple Rule for
Derivatives: if cisanumber and if f’(x) exists and is finite then (cf (x))" = cf’(x).
Using this and the addition rule gives (3x? + 5x)' = 6x + 5.

Subtraction Rule for Derivatives. If f(X) and g(X) are functions and if f' (X) and
g’ (X) both exist and are finite then (f — Q)" (X) = f'(X) — g’ (X).
Exercise 12-1. Prove the Subtraction Rule for Derivatives.

Multiplication Rulefor Derivatives(Product Rule). Iff(x) and g(X) are functions
and if f' (X) and Q' (X) both exist and are finite then (fg)' (X) = f' (X)g(X) + f (X)g' (X).
proof :  The technique is much the same as that used above.
(fg)(x+9) =f(x+9)g(x +s)
= (F(9) + s () + 0(s))(9(¥) + 9" (X) + 0(s))
=1(x)g() +sf' (X)g(x) + sf(Q)g' (x) + o(s)
= (fg)(9 +s(f' (Yg() +f(X)g' (x)) + 0(9).

Thus (fg)' (x) = f'()g(x) +f(x)g' (X). B

Example12-3. Usingtheproductrule, (x3)" = (xx%)' = 1x?+x(2x) = 3x2. Similarly,
(A" = (03)" = 13 + x(3x?) = 4x3. Continuing in this way gives the Power Rule
for Derivatives. (x")' = nx". Notice that this proof is only valid for positive
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integer powersn. The power ruleis possibly the most often used rule for computing
derivatives.

Example 12-4. Using the power rule and the addition and subtraction rules gives
(A —T7x% +9)" = 12x% - 14x.

Division Rule for Derivatives (Quotient Rule). If f(X) and g(X) are functions
and if f'(X) and ¢'(X) both exist and are finite and if g(X) # O then (f/g)'(X) =
f'(3)9(x) —f(x)9' ()

(9(x))? '

proof :  Once again, the method is similar to the preceding.

f(x+s9) _ f(X) +sf'(X) +0o(s)
g(x+s)  g(x) +sy'(X) +0(s)’

To continue, perform long division in order to simplify the quotient. This gives

fe)+s'0) +ofs) _ f(9 | F'(¥)g(x) ~F(¥)9' ()

g rsg®ro® o > @wE o

Once again, theruleis proved. I

_ _ ) d 2x-7 _
Example 12-5. Using the quotient rule and the other rules gives Dod T 1 -
(@ +12x)2 - (2x = 7)(2x + 12)

(@ +12)2 '

Example 12-6. Using the quotient rule and the power rule shows that (x™)" =
(/X" = —nx™Y/x2" = —nx ™™ for positive n. Thus the power rule also works for
negative powers.

Composition Rule for Derivatives (Chain Rule). If f(X) and g(X) are functions
and if ' (g(X)) and g' (X) both exist and are finite then (f(g(x))" = f'(9(x))g' (X).

proof : Proceding as before,
f(g(x+9)) =f(g(x) + sy’ (x) +0(9)).

Now g(x) does not depend on s, and sg' (x) +0o(s) isitself small, so using these two quantities
in place of x and sin the defining equation for the derivative of f gives

f(9(9) + 59" () +0(s)) = F(9(x)) + (3" (¥) +0(s)f" (9(x)) + 0(s)
=1(9(x)) + st' (9(9)g’ (x) +o(s)

which completes the proof. i

Example 12—7. Using the chain rule makes computing the derivative of (x +
7x + 1)1 simple. In this case, taking f(x) = X' and g(x) = x> + 7x + 1 gives



812: Seven Rules for Computing Derivatives 55

f(g(x)) = (2 + 7x+ 1)1, Now f'(x) = 100x* by the power rule, and g' (x) = 2x+7.
So finally, &(xz + 7x + 1)1% = 100(¢% + 7x + 1)®(2x + 7).

A certain amount of computational profiency isrequired in using these rulesto
compute derivatives. The objective should be to develop enough skill to compute
derivatives needed in working out the simple examples and applications that will
follow. The derivatives of complicated expression are often best computed with a
computer.
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Problems

Problem 12-1. If f(t) = 3t> - 7t + 6 compute ' (t).

d (t2+1)°
Problem 12-2. Computea =1

Problem 12-3. Compute (;jx(3x2 - 7X+ 9/X).

Problem 12—4. If g(w) = 2w 3 + 4w? compute ¢ (3).

Problem 12-5. If h(2) = (22+ 7)* compute C?Zh(z)‘ .
z=-1

Problem 12-6. ThevaueA(i) of portfolio A depends on the prevailing interest rate
500 500

@+ - @re
B also depends on the interest rate i and is given by B(i) =

I and is given by the formula A(i) = The value B(i) of portfolio

a+ip Compute the
value of portfolio A when the interest rate is 5% and when the interest rate is 6%.
Whichislarger? The quantity —A’ (i) (or —B'(i)) iscalled the dollar duration of the
portfolio. Why does the dollar duration measure the sensitivity of the value of the
portfolio to changes in the prevailing interest rate? What is the significance of the
minus sign in the definition of dollar duration? Which portfolio, A or B, would be
preferred by an investor wishing to minimize risk due to interest rate fluctuations

from the current 5% level? Why?
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Solutionsto Problems
Problem 12-1. f'(t)=6t-7.

d (P+1)° _ (t-1)5( + 1)*(20) - (2 + 1)°

Problem 12-2. =
ro dt t-1 {t- 12

Problem 12-3. %(3x2 —7x+9/X) = 6x—7 - 9 ¥

Problem 12-4. Using the addition and power rules gives g’ (W) = —6w™ + 8w,
from which g' (3) = —6/3* + 24.

Problem 12-5. Herethechainrulegivesh' (2) = 4(2z+7)3(2), sothat h' (-1) =
8(5)° = 1000.

Problem 12-6. Simple computation gives A(0.05) = 500/ (1 + 0.05) + 500/ (1 +
0.05)? = 929.71 and A(0.06) = 916.70. So A(0.05) islarger. By definition, A’ (i)
isthe rate at which the value of portfolio changes as the interest rate i changes.
Since increasing i decreases the value of the portfolio, the minus sign simply
arranges things so that alarger duration corresponds to alarger changein value
for afixed changeininterest rate. For an interest rate of 5%, the dollar durations
are computed to be —A’ (0.05) = 1317.35 and —B' (0.05) = 1727.67. The dollar
durations show that portfolio B is more sensitive to interest rate changes and the
value of portfolio B will change more greatly in value if interest rates deviate
from the current level. Thus portfolio A would be preferred by such an investor.
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Solutionsto Exercises

Exercise 12-1. The proof is quite similar to the proof of the addition rule. The
objective is to compute (f — g)(x + s) for small s and identify the term of order
s. Sincef(x+s) = f(x) +sf'(x) + o(s) and g(x + s) = g(X) + sg' (X) + o(s), simple
computation gives

(f-g)(x+9s) =f(x+9) —g(x+9)
= () +s'() = (9() + g (¥)) + o(s)
=(f~9)®) +s(f' () —g' () +ofs).

Hence (f —g)' (x) = f'(X) — ¢' (X), as claimed.
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813. Functions and I nver se Functions Revisited

The connection between the derivative of a function and the derivative of its
inversefunctionisinvestigated. Theimmediate objectiveisto verify the power rule
when the power is arational number, that is, the ratio of two integers.

When afunction f hasan inversefunction f 1, theintimate rel ationship between
f and f~* should translate into a close relationship between the derivatives of these
two functions. Geometric reasoning can be used to visualize this relationship.

As a prototype, consider the function ¢(x) = x3. The function ¢ has inverse
function ¢(x) = x¥3. How are the graphs of these two functions related? For a
concrete case, the point (2, 8) lies on the graph of ¢ since 22 = 8. Thusc™(8) = 2,
and the point (8, 2) lies on the graph of ¢. Extending this line of reasoning shows
that the point (a, b) lies on the graph of c if and only if the point (b, a) lies on the
graph of ¢™*. An unconventional graph of ¢ can be obtained simply by relabeling
the axes, starting with a conventional graph of c: relabel the positive y axis on the
graph of ¢ as the positive x axis for the graph of ¢, and relabel the positive x axis
onthegraph of ¢ asthe positivey axisfor the graph of ¢ ™. Thisschemeisillustrated
in the following two graphs. The first is a conventional graph of ¢(x) = x5, while

the second is the unconventional graph of ¢ that results from this relabeling.
x3 X

More information can be gleaned from the two graphs. The approximating line
tothegraph of cat thepoint (2, 8) isgeometrically the sameline asthe approximating
line to the graph of ¢* at the point (8,2). The only difference is the coordinate
system in which the line is viewed in the two cases. In the coordinate system for
the graph of c, the line has slope ¢’ (2) = 3(2)? = 12. In the coordinate system for
the graph of ¢™* the line must therefore have slope 1/ 12, because of the relationship
between the two coordinate systems. So ¢!’ (8) = 1/12.

This line of geometric reasoning is completely general. The function f has a
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derivative at x = aif and only if theinverse function f ! has aderivative at f (a), and
f-1'(f(a)) = 1/f'(a). Sincethisrelationship holds for any point ainthe domain of f,
making the substitution a = f(x) givesf ' (x) = 2/’ (f "(x)) for any point x in the
domain of f 1. Note that this formula can only be applied when the denominator of
the right side of the equation is not zero.

To complete the prototype example, (x¥3)" = 1/3(x¥3)? = (1/3)x %2, which
agrees with the power rule for derivatives.

Exercise 13-1. What isthe domain of x¥3? What is the domain of (xV/3)' ?

Example 13-1. An alternate algebraic derivation of the computational formulafor
71" can be obtained by starting with the equation f(f (X)) = x, which is one of
the defining relations for the inverse function. Since this equality holds for all x
in the range of f, differentiation of both sides of this equality leads to the equation
f'(f1(x))f "Y' (x) = 1 by the chain rule. Solving gives f*'(x) = V/f'(f(x)) as
before. Notice that this derivation does not establish the existence of the derivative
of the inverse function, but gives a formula for computing the derivative of the
inverse function if the derivative exists. The geometric approach here shows that f
has a derivativeif and only if f* does.

This same line of reasoning can not be immediately extended to the function
f(X) = x?, since this function does not have an inverse function. A way around this
difficulty is possible by noticing that thereason f failsto have an inversefunctionis
that the default domain of f istoo big: f mapstwo pointsin the domain to the same
point in the range. A function that is closely related to f and does have an inverse
function can be obtained by using the rule of f on a smaller domain. Many choices
are available. Perhaps the most natural such function has domain {x 0 R : x = 0}
and thesameruleasf. For convenience, write s(x) for the function with thissmaller
domain and with rule s(x) = x2. Thens}(x) = yX. The earlier argument then applies
togive yx = 1/2yX, thatis, (xV?)' = (1/2)x"Y2. Thisisagain in agreement with the
form of the power rule. Similar reasoning shows that (x¥")' = (1/n)x¥"-1 for any
integer n.

To conclude the extension of the power rule, write x™" = (x¥™™, and then use
the chain rule together with this last equation to get (x™")' = (MY N)x™"~1, Thisis
the power rule for fractional exponents.

Later on, this notion of restricting the domain of afunction in order to define an
inverse function will be used in other contexts.



813: Functions and Inverse Functions Revisited 61

Problems
Problem 13-1. If f(x) = Vx2 — 7x, compute f' (x). What isthe domain of f'?

Problem 13-2. If g(X) = vX —x¥3 compute ¢’ (1). What is the domain of g' ?

2+ 4 +
Problem 13-3. Compute Ew
dx X

Problem 13-4. If f(X) = 3x% — 12x + 19, compute f' (X).
Problem 13-5. If g(y) = (y* — 2)°, compute ¢’ (1).

Problem 13-6. If h has an inverse function, and if h(3) = 12 and h'(3) = -5,
compute h™*' (12).

Problem 13-7. Suppose h(x) isafunction with the property that h' (x) = 1/x. How
areh™ and h™!' related?

Problem 13-8. Let S(t) betherate, in millimeters per hour, at which snow isfalling

at timet and let M(t) betherate, in millimeters per hour, at which snow ismelting at

timet. Let A(t) be the depth, in millimeters, of snow on the ground at timet. What
5

physical quantity does / S(t) dt represent in the present context? Write aformula

for A(t) in terms of t), M(t), and A(0). Write aformulafor the rate at which snow
Is accumulating on the ground.
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Solutionsto Problems

Problem 13-1. Using the chain rule and power rule gives f'(x) = (x> —
7X)Y2(2x~7)/2. Thedomain of f’ is {x DR : x> = 7x > 0}

Problem 13-2. Hereg' (x) = 1/2(X)—(4/3)xY3sog' (1) = (1/2)—(4/3) = -5/6.
Thedomainof ¢' is{xOR : x#0}.

Problem 13-3. Instead of using the quotient rule, first divide through to obtain
2+4x+3 . o
XERXT S - 32445121. 32 fromwhichthe derivativeis (3/2)x¥2+2xY2-

VX
(3/2)x7¥2, by the power rule.
Problem 134. f'(x) = 6x—12.

Problem 13-5. ¢'(y) = 5(y* — 2)* x 4y3, by the chain rule and power rule. So
g' (1) = 20.

Problem 13-6. h™'(12) = -1/5.

Problem 13-7. From the discussion in this section, h™*' (x) = /h' (h"(x)) =
h™(x), using the fact that h' (x) = 1/x. Thus h™* is a function which is its own
derivative.

5
Problem 13-8. Thisintegral / S(t) dt isthe amount of snow, in millimeters,
0

t
that fell between time O and 5. A(t) = A(0) + / St) - M(t)dt. The rate of
0
accumulation is A’ (t) = S(t) — M(t).
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Solutionsto Exercises

Exercise13-1. Thedomain of xV2isall real numbers, while (xV3)" hasdomain
all non-zero real numbers.



§814. Seven Rulesfor Computing Integrals

Each rule for computing derivatives has a parallel rule for computing integrals.
The bridge between these parallel sets of rules is the Fundamental Theorem of
Calculus.

b
The Fundamental Theorem states that / f'(t)dt = f(b) —f(a). In fact, more
a

b
istrue. If gisany function with g'(t) = f'(t) for al a <t < b then / f'(t)dt =
g(b)—g(a). Inpractical terms, thismeansthat evaluating an integral involvesfindi ng
any function whose derivative is the integrand.

2
Example 14-1. In order to compute / t3 dt the first objective isto find afunction
0

whose derivative is t3. Since by the power rule for derivatives c(ijtt4 = 4t3, the
function t%/4 has the desired property. Using the Fundamental Theorem gives
2
/ 2 dt = 2/4 - 0%/4.
0

The methodology of the example can be generalized to handle any power.

Power Rulefor Integrals. For any n# —1 and any a < b with the property that the
bn+1 an+1

(n+1) _(n+1)'

b
interval a < t £ b lies entirely in the domain of t", / t"dt =
a

Exercise 14-1. Provethe Power Rulefor Integrals.
Exercise 14-2. Why isn = —1 excluded from the Power Rule for Integrals?

Example14-2. Theconstant multiplerulefor derivativesstatesthat for any number
d d . :
C, d—xcf x) = cd—xf (X). The Fundamental Theorem then givesthe Constant Multiple

b b
Rulefor Integralsas/ cf(x)dx = c/ f(x) dx.
a a

The other rules developed earlier for computing derivatives can be turned into
rules for computing integrals in the same methodical way.

Addition Rule for Integrals. If h and | are functions defined on the interval a <
b b b
X < b and if / h(x) dx and / i(X) dx are both finite then / h(x) + j(x) dx =
a a a
b b
/ h(x) dx + / (%) dx.
a a

proof : If Hisany function for which H' (x) = h(x) for a< x < band if J isany function for which
J'(X) =j(x) fora< x < bthen H + Jisafunction for which (H + J)" (x) = H' (X) + J' (x) for
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a< x< b, by the addition rule for derivatives. Thus by the Fundamental Theorem,

b
/ h(x) +j(x) dx = (H + J)(b) - (H + J)(a)
=H(b) - H(a) + J(b) — J(a)

:/abh(x)dx+/abj(x)dx

which iswhat was to be proved. I

The subtraction rule for derivatives also has an integral analog.

Subtraction Rule for Integrals. If h and j are functions defined on the interval
b b b

a<x<band if / h(x) dx and / j(X) dx are both finite then / h(x) = j(x) dx =
a a a

/:h(x)dx—/abj(x)dx.

Exercise 14-3. Prove the Subtraction Rule for Integrals.

4
Example 14-3. Using the rules developed thus far gives / 3t -2t + 7dt =
4 4 4 0
/ 3t2dt—/ 2t+/ 7dt = 43 - 42 + 7(4).
0 0 0

The product rule for derivatives has a useful integral analog.

Integration by Parts. If h and | are functions defined on the intervala < X < b
b b b

and if / h(x)j’ (X) dx and / h (X)j(X) dx exist and are finite then / h()j’ () dx =
a a a

b
h(b)j(b) - h(a)j(a) - /a h’ ()i (x) dx.

proof :  The product rule for derivatives gives (hj)' (X) = h(x)j' (X) + h' (X)j(X). Integrating both
sdes of this equatlon and applying the Fundamental Theorem yields h(b)j(b) — h(a)j(a) =

(hj) (X)dx = / h(x)j’ (x) dx+ h'(X)j(X) dx, from which therule follows by rearrang-
|ng terms. I :

The quotient rule for derivatives does not yield an integration rule that has
proved to be useful. The chain rule provides two of the most useful integration
formulas. These formulas should be thought of as formulas that are useful to
rewrite complicated integrals in a ssimpler form, so that the other integration rules
can be more easily used to complete the computation.

Substitution Rule for Integrals. If g has a derivative for each pointa < X < b
b

and f has a derivative at each point g(a) < x < g(b), then / f'(g(x¥)g' (x) dx =
a

g(b)
/ £1(x) dx.
g

(2)
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Exercise 14-4. Prove the Substitution Rule for Integrals.

1
Example 14-4. A complicated appearing integral such as / (x + 12)° dx can be
reduced to asimpler form. Heretake f’(x) = x° and g(x) = x + 12. Sinceg' (X) =

13
the substitution rule gives / (x+12)°dx = / , x? dx. The power rule can be appl ied
1
to complete the computation.

Exercise 14-5. Complete the computation.

1
Example 14-5. The methodology can be extended a bit. To compute / (2x +
0

12)°dx, take f'(x) = x° and g(x) = 2x+ 12. Then g'(X) = 2, and this extra 2
does not appear in the integral. But the invisible 1 factor in the integrand can
be written as 2(1/2) thus making a 2 appear. The substitution rule then gives

1 1 13 13

/ (2x + 12)°dx = / (U2)2(2x + 12)°dx = / W2 dx = (U2) / X0 dx. The
0 0 12 12

power rule can now be used to complete the computation.

1
Example 14-6. Theintegral / x(x+ 12)*? dx could be computed by expanding out

the integrand and using the povSer rule. If theleading x were absent, the substitution
rule could be applied asin the preceding examples. Theintegration by partsformula
can be used to make the leading x disappear. Takeh(x) = xandj’ (xX) = (x+ 12)12 and

use the integration by parts rule to obtain /O X(x + 12)*? dx = 1(13)**/13 - / (x +
12)1/13dx. Thelast integral can now be evaluated by substitution.

1
Exercise 14-6. Compute /O (x+12)2 dx.

The substitution rule makes no requirements about whether the function g has
an inverse function or not. If g (with domain a < x < b) does have an inverse
function the substitution rule can be rewritten in adlightly different form.

Change of Variable Rule for Integrals. If g* exists and has a derivative at each

_lb

b g (b)
pointa < x < b then / £1(x) dx = / 1 (g(0)g’ ()
a 9@
proof :  Start with the substitution rule and replace a with g™(a) and b with g™*(b).

At first glance, the change of variable rule seems to be taking asimpler looking
integral on the left and replacing it with a more complicated integral on the right.
Amazingly, the more complicated expression in the theorem will actually appear
simpler in most problems in which the change of variable is applied. The key
observation isthat g can be chosen arbitrarily, subject only to the condition that g,
with domain a < x < b, has an inverse function.
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Example 14-7. Here's an amusing illustration of the change of variable theorem.
8

Take f'(X) = U/x and g(X) = 2x and apply the theorem to obtain / Uxdx =
2

4
I/xdx. You might wish to study the graph of 1/x and see if you think this
1
equality of areasis obvious or amazing.
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Problems

T
Problem 14-1. Compute / V1 - x2 dx by giving theintegral ageometric interpre-
tation as an area. °

Problem 14-2. If g(t) = theng'(t) =

t2+1
1(t2+1) —-t(2t)

@i 4=

Problem 14-3. /
0

1
Problem 14-4. Compute / x4 dx.
0
3
Problem 14-5. What is / 3 dt?
-2
3
Problem 14-6. Compute /0 X(3 +x*) dx.

1
Problem 14-7. Use the change of variables formula to show that /0 V1-t2dt =
1 _
/ 2tV1 - .
0

5
Problem 14-8. Compute /O V4 +9zdz
2
Problem 14-9. Compute /0 W(L + 3w2)8 dw.

2 _
Problem 14-10. Compute / (t+3)Va-Pdt.

Problem 14-11. Theidea gas law states that the pressure P(t), volume V(t), and
temperature T(t) of agas at time t satisfy the relationship P(t)V(t) = T(t). A gas
undergoes a change in pressure and volume which causes the pressure to increase at
aconstant rate of 20 kilopascals per second while the volumeincreases at a constant
rate of 30 liters per second. At what rate is the temperature changing when the
temperature is 100 and the pressure is 40 kilopascals?

Problem 14-12. Refer to the previous problem. In an air conditioning exchange
unit the coolant undergoes an instantaneous decompression from a pressure of 1400
kilopascals to 100 kilopascals while the volume increases instantaneously from 0.1
liter to 1 liter. What temperature change results? Hint: Don’t be too quick to
differentiate. What does ‘instantaneous' mean?
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Solutionsto Problems

Problem 14-1. The integra is the area of a quarter of a circle of radius 1
centered at the origin. The value of the integral is thus /4.

®+1)-t2)  1-t
@+12 @+

Problem 14-2. Using the quotient rule, g’ (t) =

142 4+1)—
Problem 14-3. By the previous problem, /0 ( (t21-)r 1;2(20 dt = 121+ 1
0
vl Y2

1
Problem 14-4. Using the power rule gives/ x4 dx = 4/11.
0

Problem 14-5. Thisintegral does not exist, since the domain of the function
t~3 excludes zero, but zero liesin the interval of integration.

Problem 14-6. Writing x(3 + x*) = 3x + x® and using the power rule gives the
valueas 27/2 + 729/6.

Problem 14-7. Try g(t) = t°>. What isg™?

Problem 14-8. Apply the substitution rule with g(z2) = 4 + 9z to obtain
5 49

/ V4 +9zdz = (]J9)/ vzdz. Now use the power rule.
0 4

Problem 14-9. Apply the substitution rule with g(w) = 1 + 3w? to obtain
2 13
/ w(l+3w?)8dw=(1/6) [ Wwdw and use the power rule.
0 1

2 2
Problem 14-10. Bytheadditionrule/ (t+3)\/4—t2dt=/ tv4-t2dt+
-2 -2

2
V4 —-12dt. The substitution rule with g(t) = 4 — t? will allow the evaluation

-2
of the first integral. Alternately, interpreting the first integral geometrically
shows that it is zero. The second integral has a simple geometric interpretation
also, which givesitsvalue as 2r.

Problem 14-11. Differentiating the relationship of the idea gas law gives
T'(t) = P(t)V'(t) + P'(t)V(t), by the product rule. At the time tg in question
P'(to) = 20 and V'(tp) = 30 while T(tg) = 100 and P(ty) = 40. From the
ideal gas law these last two pieces of information give V(tp) = 100/40. Hence
T’ (tp) = 40 x 30 + 20 x (100/40) = 1250.

Problem 14-12. The fact that the change is instantaneous means that neither
P(t) nor V(t) have aderivative at the time at which the change occurs. Just prior
to the change the temperature is 1400 x 0.1 = 140 whilejust after the change the
temperature is 100 x 1 = 100. So the temperature change is —40.
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Solutionsto Exercises

Exercise14-1. By the power rulefor derivatives, %t“*ll (n+1) =t", provided
n# —1. The result follows from the Fundamental Theorem.

. d L.
Exercise 14-2. Whenn=-1,t"! =% =1 and atO =Qwhichisnot t™.

Exercise 14-3. If H isany function for which H' (x) = h(x) fora< x < b and
if Jisany function for which J' (x) = j(x) for a< x < bthen H — J isafunction
for which (H = J)"(x) = H'(x) — J' (x) for a < x < b, by the subtraction rule for
derivatives. Thus by the Fundamenta Theorem,

b
/ h(x) =j(x) dx = (H = J)(b) = (H = J)(a)
=H(b) -H(@) - (J(b) - I(&))

= /ab h(x) dx—/abj(x) dx

as desired.

Exercise 14-4. The chain rulefor derivatives glves (fog) () =f"(9(X)d (¥).
Applying the Fundamental Theorem twice gives / f'(g(x))g' (x) dx = f(g(b)) -

9(b) _
f(g(a)):/() f'(x) dx, as desired.
9(a)

1 13
Exercise 14-5. / (x+12)°%dx = / X% dx = (13%° - 1219)/10, by the power
0 12

rule.

Exercise 14-6. Letting g(X) = x + 12 and using the substitution rule gives

1 13
/ (x+12)Bdx = / x'3dx = 13%/14 - 12%4/14, by the power rule.
0 12

70



815. Extensions and Applications

The next several sections examine some extensions and applications of therules
for computing derivatives and integrals. The extensions include the definition of a
new function, the natural logarithm, in terms of integrals, the development of the
exponential function, and calculus properties of the trigonometric functions. These
extensions are used to solve some problems that have been previously encountered,
and also to study the problem of optimization.

Copyright 00 2006 Jerry Alan Veeh. All rights reserved.



816. The Logarithm and Exponential Functions

New functions can be defined in terms of old ones by using calculus ideas.
Here the natural logarithm function is defined in terms of an integral. The inverse
function of the natural logarithm function is the exponential function, which isthe
most important function in applied mathematics.

To plug the gap in the power rule for integrals, define a new function, the

. x1 : . .
natural logarithm, by the formula In(x) = / fdt. The domain of this function
1

: . x1 11

is{xOR:x>0}. Sincefor 0 < x< 1, / Idt = —/ — dt, the values of In(x)
1

are negative for 0 < x < 1. The geometric reasoning that led to the Fundamental

Theorem immediately gives o(li In(x) = /%, for x > 0.

Exercise 16-1. What isthe value of In(1)?

. : : d
Exercise 16-2. Use geometric reasoning to show that ax In(x) = /x for x> 0.

The justification of the logarithm name is that the natural logarithm turns mul-
tiplication of numbers into addition of their logarithms. As a prototype for the
proof of this general fact, the equality In(3 x 5) = In(3) + In(5) will be established.
Reasoning geometrically,

15
In(3x 5) :/ idt
1

3 15
:/1 idt+15/3 idt
:In(3)+/3 %dt
:In(3)+/15;t3dt

5
:|n(3)+/1 :tLdt
= In(3) +In(5)

where the fourth equality makes use of the change of variables theorem with g(t) =
3t.

The general fact isthat for any numbersa > 0and b > 0, In(ab) = In(a) + In(b).

Copyright 00 2006 Jerry Alan Veeh. All rights reserved.
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When both a and b are larger than 1, the prototype proof becomes

In(ab) =/1abidt

- [ [

=In(a)+/abidt

a

b
= In(a) +/l altadt

b1
= In(a) + /1 -t
=1In(a) + In(b)
where the fourth equality makes use of the change of variables theorem with g(t) =
at.

Exercise 16-3. How does the proof proceed if a< ab < 1< b?

A second property of logarithms is that for any number a > 0 and any rational
p, In(@”) = pIn(a).

Exercise 16-4. Give a proof of this property. Hint: Use the change of variable
formulawith g(t) = tP.

The domain of the logarithm function is the positive real numbers. What isthe
range of the function? The geometric considerations from the picture below show
that In(2) is larger than the area of the rectangle. ThusIn(2) > 1/2.

1

t

(2,1/2)

t

With thisinformation and the power property for logarithms, In(2¢) = kIn(2) > k/2.
So as x becomes arbitrarily large and positive, In(x) does too. Similarly, In(1/2) =
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-In(2) < -1/2, so In((1/2)¥) < —k/2. Thus as x approaches zero from the right,
In(X) becomes arbitrarily large and negative. The range of the function In(x) is all
real numbers.

The natural logarithm function is increasing everywhere on its domain, since
In(xX)) = 1/x > 0. The inverse function of the natural logarithm is called the
exponential function and is denoted by exp(x). SinceIn(1) = 0, exp(0) = 1. Other
properties of the exponential function follow from the corresponding properties of
logarithm.

For example, since In(ab) = In(a) + In(b), the exponential function satisfies
exp(a + b) = exp(a) exp(b). To see this, replace a with exp(a) and b with exp(b) in
the logarithm relation to obtain In(exp(a) exp(b)) = a+ b. Now exponentiate both
sides to obtain exp(a) exp(b) = exp(a + b). Because of this fact, writing e for the
number e = exp(1) provides an aternate notation € = exp(x).

Perhaps the most important property of the exponentia function is that c? e =

€*. Thisfollows from the general relationship between the derivative of afunction
and itsinverse function.

Exercise 16-5. Show that ;Xe?‘ = e

The exponential function is used to define non-rational powers. As was seen
earlier, In(a”) = pIn(a) for rational powersp. Thisequality istaken asthe definition
of In(a®) when p isnot rational. Exponentiation of both sides of this equality gives
aP = &'"@ s an equivalent form of this definition.

Example 16-1. The logarithm and exponential functions arise in the solution of
some of the differential equations found earlier. In the earlier example of afalling
ball, the velocity of the ball was found to satisfy the equation V' (t) = g — (2/5)v(t)
for t > 0 with v(0) = 0. An explicit expression for v(t) can be found by using the
separ ation of variablesmethod. Thefirst step of the separation of variables method
is to divide both sides of the equation by the side not containing the derivative.
Secondly, both sides of the resulting equation are then integrated between two
convenient points. In the present case this leads to

| s-oew (sz(ts)) TORa A

Here the endpoints were chosen as the timet = 0 at which the ball was dropped
and thetimet = w > 0 representing an arbitrary future time at which the velocity is
to be computed. Computing the integrals gives (-5/2) In(1 — (2/5g)v(w)) = w, and
solving yields v(w) = (5¢/2) (1 - e‘(2’5)W> forw = 0.

Exercise 16-6. Fill in the details of the computation.
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Problems

X
Problem 16-1. Define g(x) = / tlzdt, for x > 0. What is the range of g? For
x> 1, which islarger g(x) or In(x)?

Problem 16-2. Compute ddx In|x].

. . d . .
Problem 16-3. If pisnot rational, compute ix xP in order to complete the extension
of the power rule.

Problem 16-4. Compute O(;(ZX.

2
Problem 16-5. Compute /O e dx.

1023

Problem 16-6. Trueor False: / e dt > 0.
0

d (2 .2
Problem 16-7. Computed—Z / e’ dw.
z

Problem 16-8. Newton’s Law of Cooling states that the rate of cooling of a body
immersed in a bath is proportional to the difference in temperature between the
body and the bath. Let T(t) denote the temperature of the body at timet, B denote
the (constant) temperature of the bath, and assume the proportionality constant is
5. Write an equation involving T and B that expresses Newton’'s Law of Cooling.
Make sure your equation gives the rate of cooling the proper sign. If B = 72 and
T(1) = 80, what was T(0)?

Problem 16-9. Torricelli’'sLaw statesthat the rate at which fluid leaves a container
through a small hole in the bottom of the container is proportional to the square
root of the depth of fluid in the container. Let V(t) denote the volume of fluid in
the container at time t, D(t) denote the depth of fluid in the container at time t,
and assume the magnitude of the proportionality constant is 17. Write an equation
involving V and D that expresses Torricelli’'s Law. Make sure that your equation
gives the rate of change in volume the proper sign. If the container is cylindrical
with base radius 2, find an expression for V(t) assuming that V/(0) = 100.
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Solutionsto Problems

Problem 16-1. Forx>1,g(X) = 1-1/xwhilefor0<x< 1, g(xX) = -1/x+ 1.
Thustherangeof gis{x O R : -0 < x < 1}. Since /t? < 1/t fort > 1, the area
representing In(x) is larger than the area representing g(x). Hence g(x) < In(x)
for x> 1. What happensfor x < 1?

Problem 16-2. For x > 0, %(In|x| = %In(x) = 1/x, while for x < 0,
d

_d o1 - . d _
gﬁ(lr;lgl = &In( X) = :(( 1) = Uxby thechainrule. Thus g In|x| = 1/xfor
x#0.

Problem 16-3. Using the definition of x° gives %(xp = %e”'”(x) = "MWp/x =
pxP/x = pxP~1. For which combinations of x and p is this formulavalid?

Problem 16-4. Since 2* = &!"@ the derivativeis 2*In(2).

2
Problem 16-5. Using the substitution rule with g(x) = 5x gives / e*dx =
0

10
(U5) | e“dx=(e'-1)/5, by the Fundamental Theorem.
0

Problem 16-6. True, sincethe exponential function alwayshaspositivevalues,
the graph of the integrand lies entirely above the axis.

Problem 16-7. If f(x) = f(f e dw, then the function to be differentiated is
f(22) - (2). Now use the chain rule and the fact that f' (X) = €.

Problem 16-8. Newton's cooling law is T'(t) = 5(B — T(t)). The separation
B-T(1)

B—T(0)> )

of variables method, integrating fromt =0tot = 1, gives—In (
Plugging in and solving gives T(0) = 72 + 8> = 1259.30.

Problem 16-9. Torricelli’s law is V'(t) = -17yD(t). For the cylindrical
container, V(t) = 4nD(t), so V'(t) = -17VV(t)/4r. Separation of variables,
integrating fromt =0tot = w > 0, gives 2(vV(w) — yV(0)) = —17w/V4r. Thus

N2
V(w) = (10— 17w/ 2w/47r) . Notice that this formula for V is only valid for
0 < w < 20v4r/17. Why?

76



816: The Logarithm and Exponential Functions

Solutionsto Exercises

1
. —_ 1 . .
Exercise 16-1. From the definition, In(1) = / T dt = 0, since there is zero
area enclosed by the graph. '

X+S 1 X 1 X+S 1
Exercise 16-2. For smal s, In(x+s) = —dt = fdt + —dt =

In(x) + §/x+ 0(s), since the area between the graph of 1/t and the hori zontal axis
for x <t < x+ sis approximately the area of a rectangle with side lengths 1/x
and s. Theerror of thisrectangular approximation isat most (1/x— 1/ (x + s))s =
S/ (X(x+9)) = o9).

b
Exercise 16-3. Inthiscase,/ %dt:/ —dt+/ —dt+/ —dt. The
a

l
integral on the left of theequalityis/ —dt+/ —dt=-In(a) +In(b). The3

ab b
integralsontheright are - dt = / = dt = In(b) (by the change of variables

formula), —In(ab), and In(b) Thus - In(a) +In(b) = In(b) — In(ab) + In(b), from
which the result follows after cancellation and rearrangement. The other cases
follow by similar arguments.

aP l a 1 a l
Exercise 16-4. Here/ ¥dt :/ t—pptp'ldt = p/ fdt = pIn(a). Close
1

1 1
inspection reveals that this proof only worksfor a > 1. Can you provide a proof
for 0 < a < 1? Notice that in any case the result only holds for rational numbers

p.

Exercise 16-5. The general relationship between the derivative of afunction

1 e, sinceE In(x) =

and the derivative of itsinverse function gives ge?‘ =T ix
e

dx
1/x.

W
Exercise 16-6. Here/ 1dt = w and using the substitution rule for in-
0

tegrals with f'(t) = U/t and g(t) = g - (Y5)\(t) gives / W(g)v(t)

o-(25vw) q
(-5/2) / £ dt = =(5/2) (In(g - (2/5)v(w)) - In(g)). Thelast difference

of Iogarlthmssmpllﬂessnce In(a) — In(b) = In(a/b).
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817. Trigonometric Functionsand Their Inverses

Trigonometric functions have many uses. In addition to the applicationsinvolv-
ing triangles, these functions are used to model physical phenomena which exhibit
periodic behavior. The basic properties of these functions are reviewed, and their
derivatives are computed.

The trigonometric functions are defined based on the unit circle, which is the
set {(x,y) OR?:x2+y?= 1}. The pictureis as follows.

(cost, sint)

The angle measuring t radians intercepts the circle at the point which is defined to
have coordinates (cost, sint). Sincethe circle hasradius 1, the Pythagorean relation

cot+sint=1

isimmediately seen to hold.

Recall that the radian measure of an angle is the length of the circular arc with
center at the vertex of the anglethat isintercepted by the angle, divided by theradius
of the circular arc. Inthe unit circle context, the radian measure of the anglet isthe
same as the length of the arc of the circle intercepted by the angle. Stretching this
idea a bit allows angles with arbitrary radian measure to be interpreted. If t > 0is
given, traverse the circumference of the unit circle in a counterclockwise direction
for adistancet, starting from the point (1, 0). The anglet isthen identified with the
terminal point of thisjourney. If t < O, start from (1, 0) and march clockwise around
the circumference a distance t and identify the angle t with the point reached at the
end of thisjourney.

This expanded notion of angle alows the domain of sine and cosine to be
expanded to all real numbers. The range of the sine and cosine functions is the set
{xOR:-1<x<1}.

Re-examining the previous picture with an auxillary vertical line segment added
shows that the new definition of sine and cosine agrees with the definition of these

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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functionsfor aright triangle, aslong asthe anglet liesin theinterval 0 < t < 7/ 2.

(cost, sint)

(1.0)

Evidently neither the sine nor the cosine function has an inverse function. As
with the function x? considered earlier, the difficulty liesin the fact that the domain
has grown too big.

There are many possible ways to shrink the domain. Here is the standard
method. Define a new function, also caled sine, with the same rule as the usual
sine function but with domain {x O R : —n/2 < x < n/2}. This specia version of
the sine function does have an inverse function which is denoted arcsin(x). Thus

sin(arcsin(x)) = x for-1<x<1
arcsin(sin(x)) = x for—-m/2<x< ml2.

Similarly, define anew function, also called cosine, with the same rule asthe cosine
function but with domain {x 0 R : 0 < x< n}. This special version of the cosine
function has an inverse function which is denoted arccos(x). Thus

cos(arccos(x)) = X for-1<x<1
arccos(cos(x)) = X for0<x< 7.

Some authors use the notation sin"}(x) and cos™(x) for arcsin(x) and arccos(x).
This notation will not be used here in order to avoid confusion with powers of sine
and cosine.

To establish some of the calculus properties of these functions, compute the
area of the shaded portion of the unit circle in the picture below in two different
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ways.

In the upper half plane the equation of the circular arcisy = V1 — x2. Thusthe area
of the shaded regionis ,
/ V1 - x2dx.
0

On the other hand, drawing in the auxillary line segment from the origin to unit
circle decomposes the region into two pieces, a circular sector subtended by the
angle A and aright triangle.

_ (snA cosA) = (zV1-2)

Now the dashed vertical lines are parallel, so using the alternating interior angles
property showsthat the point on the unit circle has coordinates (sin A, cosA). Using
the equation of the unit circle shows that the point also has coordinates (z, V1 — 22).
Equating the first coordinates of these two expressions gives sinA = z, so that
A = arcsin(z). Thecircular sector has area (arcsin(z)/ 2r)(r1%) = arcsin(z)/ 2, since
the sector isthefractionarcsin(z)/ 2r of theentirecircle. Theareaof theright triangle

is (1/2)zy1 - Z2. Thetota areaof the shaded regionis ; arcsin(z) + ;z\/ 1-2.

Equating these two expressions for the area of the shaded region gives

z 1 . 1
/ V1-x2dx = éarcsm(z) + éz\/l—z?
0
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The integral has been computed by geometric reasoning.

Even more can be gleaned from the equation of the preceding paragraph. Dif-
ferentiating both sides of the equation gives

1 1
1-22= 2; arcsin(z) + 22/ 1- 22+2 1-2.

Solving for the derivative of the arcsine function gives

which isvalid for -1 < z < 1. Having obtained a formulafor the derivative of the
arcsine function, the derivative of the sine function can be found by starting with
the equation

arcsin(sin(z) =z

and differentiating both sides to get

1 d
V1-sn?(2) d

;Z sin() = /1-sin2(2) = cos(?).

Technically thisderivationisonly valid ontheinterval —n/2 < z < r/ 2, but because
of the periodicity of the sine and cosine functions the relation holds for all z

sin(z) =

from which

Similar manipulations can be used with the arccosine function. The last pic-
ture above shows that cosA = v1-22 so that A = arccos(\/l 1-22). The previous
argument gave A = arcsin z. Equating these two expression gives arccos(v1 — 22) =
arcsinz. Replacing z with v1 - 22 in both sides of this equality yields arccosz =
arcsin(v1 - 22). Differentiating both sides of this equation shows that

Also, from the equation arccos(cos(z)) = z manipulations as above give

c?z cos(2) = —sin(2)
thus completing the calculus picture for the trigonometric functions. Derivatives of
tan(2) = sin(z)/ cos(z) and the other trigonometric functions can then be computed
using the quotient rule and the Pythagorean identity.
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Problems

Problem 17-1. The tangent function is defined by tan(x) = sin(x)/ cos(x). What is
the domain and range of tan(x)?

Problem 17-2. A specia version of the tangent function is defined using the same
rule as tangent, but with domain —/2 < x < m/2. This special function has an

: . d
inverse function denoted arctan(x). Compute ax arctan(x).

Problem 17-3. The secant function is defined by secx = 1/ cosx; the cosecant
function is defined by cscx = 1/ sinx; the cotangent function is defined by cotx =
1/ tanx. Find the derivative of each of these functions.

Problem 17-4. If f(w) = sin(w?) then f'(w) =

Problem 17-5. If f(t) = t sin(t) then ' (t) =

Problem 17-6. / " t cos(t) +sin(t) dt =
0

1
Problem 17—7. / 2tcost?dt =
-1

1
1+2

1
Problem 17-8. Compute /0 dz.

1
Problem 17-9. Compute / w cos(w) dw.
0

v2

__ dx.
0o V1-x4

Problem 17-10. Compute

2

Problem 17-11. If g(y) = (ele)z, compute dyg(Y)
y=0
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Solutionsto Problems
Problem 17-1. Thedomainis{x O R : cos(x) # 0}, while therangeisR.

Problem 17-2. The quotient rule gives

d f—
™ tan(x) = 1/ cos*(x).

From tan(arctan(x)) = x, differentiation of both sides gives

_ E arctan(x) = 1
cos?(arctan(x)) dx T

so that % arctan(x) = cos?(arctan(X)). Dividing both sides of the Pythagorean
relation by cos?(x) gives 1 + tan?(X) = 1/ cos’(X). Thus cos’(arctan(x)) = 1/(1 +

tan?(arctan(x)) = 1/ (1+x?). Making thissubstitution finally givesdgx arctan(x) =

mfor_oo<x<°°.

Problem 17-3. The quotient rule gives (secx)’ = sinx/ cos’x = secxtanx,
(cscx)' = —cosx/ sinx = —cotxcscx, and (cotX)! = -1/ sin?x = —CSC? X.

Problem 17-4. f'(w) = 2w cos(w?).

Problem 17-5. f'(t) = tcos(t) + sin(t), by the product rule.

/.
Problem 17-6. By the previous problem, / t cos(t) + sin(t) dt = wsin(x) —
0
0sin(0) = 0.

1
Problem 17—7. / 2t cost? dt = sin(12) - sin((-1)?) = 0.
-1

1
Problem 17-8. By an earlier problem, / 1% dz = arctan(1) — arctan(0) =
0

ZZ
nl/ 4.

1
Problem 17-9. Integration by parts gives / w cos(w)dw = 1sin(l) -
0

/l sin(w) dw = sin(1) + cos(1) - 1.
0

X
Vv1-x4

dx =

)
Problem 17-10. The substitution rule with g(x) = x? gives /
0

1 /Y1 1
- —— dx = = arcsin(1/4).
2Jo V1i-x2 2 w9

, & + 1)22ye”’ - & 2eV(e¥ + 1
Problem 17-11. ¢ (y)=( )Zy(ey+1)4 ( )

quotient rule. So g' (0) = —4/2* = -1/4.

, by the chain rule and

83



§18. Hyperbalic Trigonometry

Ordinary trigonometry is based on the unit circle. Hyperbolic trigonometry is
based on the unit hyperbola {(x, y)OR2:x2-y?= 1}. Some basic properties of
this trigonometry are now explored.

Thepart of theunit hyperbolalyingintheright half planeisshowninthe picture
below. Thereisno obviousdefinition of anglein thisnew setting. But looking again
at the unit circle shows that the angle could have been measured in terms of the area

of the sector just as easily as using radian measure.

Exercise 18-1. Show that the area of the sector of the unit circle intercepted by an
angle with radian measuretist/2.

This observation suggests the following picture in the new case.

(cosht, sinht)

(0,0)

In this new picture, a line extends from the origin to the hyperbola x> —y? = 1.
If the shaded area is t/2, the hyperbolic measure of the angle between the axis
and the lineist. The point a which this line intersects the hyperbola is defined
to have coordinates (cosht,sinht). The two new functions are the hyperbolic
cosine function cosht (pronounced to rhyme with ‘gosh’) and the hyperbolic sine
function sinht (pronounced to rhyme with ‘cinch’). Since the point (cosht, sinht)

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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lies on the hyperbola, the fundamental relation
cosh’t - sinh?t = 1,
which parallels the Pythagorean identity, is certainly valid.

Exercise 18-2. What is cosh(0)? What is sinh(0)?

What are the possible values for the hyperbolic measure of angles? The answer
depends on the possible values for the enclosed areain the above picture. Sincethe
hyperbola has dant asymptote y = x, the possible values for the area lie between O
and the area between y = x and the upper branch of the hyperbola. For any w > 1

this area exceeds /Wx - VX2 - 1dx. Algebragives
1

Ve -1
X=Vx2-1= (x—\/xz—l) Xl
X+Vx2-1
_¥=(¢-1)
X+ Vo2 -1
-
X+ V2 -1
1
> .
2x

wW

W J—
So/ X—VX2 - 1dx > / le dx = In(w)/ 2. Theareacan thusbeany positivevalue.

Foll (l)Wi ng the custom folr integration, areas below the horizontal axisare interpreted
as negative numbers. Symmetry of the hyperbola about the horizontal axis shows
that the enclosed area bel ow the axis can be any negative value. So any real number
can be realized as the hyperbolic measure of an angle in hyperbolic trigonometry.
The domain of the hyperbolic sine and cosine functionsisR.

Exercise 18-3. Sketch the graph of cosh(x) and the graph of sinh(x).

By symmetry of the hyperbolaabout the horizontal axis, therelationscosh(-t) =
cosht and sinh(-t) = —sinht must hold. The function sinht also must have
an inverse function arcsinht whose domain is all real numbers. The equalities
sinh(arcsinh t) =t and arcsinh (sinht) =t hold for al real t. The hyperbolic cosine
function only has an inverse function if the domain is restricted to the positive half
axis. Then arccosh (cosh(t)) =t for t = 0 and cosh(arccosh (t)) =t fort > 1.

Exercise 18-4. Why does the domain of the hyperbolic cosine function need to be
restricted in order to obtain an inverse function?

Some people use the notation cosh™(x) and sinh™(x) for the inverse functions,
but this notation will not be used here.
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As was the case for the usual trigonometric functions, an interesting computa-
tional formula can be derived by computing the area of the shaded region below in
two ways.

On the one hand, the area of the shaded region is

/Ozw/l+y2dy

since the x coordinate of points on the unit hyperbola are given by x = /1 + y2.

The shaded region is aso the area of aright triangle and a triangular shaped
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region of area A.

7 (cosh2A, sinh 2A) = (V1 + 2, 2)

Now from the definition of the hyperbolic sine function, z = sinh(2A) from which
A = arcsinh (2)/2. The area of theright triangle is (1/2)zy1 + 2. The total area of

the shaded region is ;arcsinh zZ+ ;z\/l + 22,

Equating these two expressions for the area of the region gives
z 1 . 1
/ \V1+y?dy = Earcsmh z+ éz\/1+z2
0

for al real z. Again, the integral has been computed using geometric arguments.

Differentiation as in the trigonometric case gives the formula

9 arcsinh (2) =

dz V1+ 2

and using this with the relation arcsinh (sinh(z)) = z gives

d . _
e sinh(2) = cosh(2).
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Similar reasoning with the shaded region below

givestherelation

}arccosh (2 + /Z VX2 —1dx = ;z\/z2 -1
1

2
since cosh(2A) = zfrom which A = arccosh (2)/ 2. Differentiation then gives
d 1
d—zarccosh 2= Nt

for z> 1. Using this and the method above then gives

d .
e cosh(z) = sinh(2).

Exercise 18-5. Fill in the detailsin the derivation of thislast equality.

These formulas for the derivatives lead to alternate expressions for computing
the hyperbolic trigonometric functions. The function coshx + sinhx is its own
derivative and takes the value 1 when x is 0. Thus coshx + sinhx = €. Similarly,
coshx —sinhx = €. Solving these two equations yields

e +e™
2
ef—eX
2

coshx =

sinhx =
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as alternate computational formulas. Using these, alternate computational formulas
for the inverse functions can be found. Simple algebra gives

arccosh X = In(x + Vx2 - 1)
arcsinh x = In(x + Vx2 + 1)

which completes the calculus for the hyperbolic trigonometric functions.

The fact that the hyperbolic trigonometric functions are related closely to the
exponential function raises the question of whether a similar relation holds for the
ordinary trigonometric functions. The mathematician Leonhard Euler was one of
thefirst to redlizethat if i = v—1 then €% = cos(X) +i sin(x). Thisequation isusually
called Euler’sidentity. Thus

X X
cos(x) = e ;e = cosh(ix)

X _ atix

sin(x) = = sinh(ix)/i.

2i

All of the trigonometric functions are in fact close relatives of the exponential
function.
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Problems

Problem 18-1. Thehyperbolic tangent function is defined by the formulatanh(x) =
sinh(x)/ cosh(x). What isthe domain of tanh(x)? What isthe range of tanh(x)? What

is— ?
IS ix tanh(x)~

Problem 18-2. Explain why the hyperbolic tangent function has an inverse func-

tion, denoted arctanh (x), and compute &arctanh (x).

Problem 18-3. The hyperbolic secant, cosecant, and cotangent are defined by
sech x = 1/ coshx, cschx = 1/ sinhx, and coth x = 1/ tanhx. Find the domain,
range, and derivative of each of these functions.

1
Problem 18-4. Compute / xe* dx.
0

Problem 18-5. Compute OEleIn(w).

2
Problem 18-6. Compute / In(x) dx.
1

Problem 18-7. True or False: For any real number X, arcsin(sin(x)) = x.

Problem 18-8. True or False: For any real number -1 < x < 1, cos(arcsin(x)) =
V1-x2,

Problem 18-9. A particle moves along the parabolay = x2. The position p(t) of
the particle at time t is p(t) = (t,t?). Let D(t) be the total distance travelled by the
particle by timet. Use geometric reasoning to find D' (t). How far does the particle
travel betweentimest = Oand t = 4?

Problem 18-10. The theory of radioactive decay states that the amount A(t) of
radioactive substance at timet decays at arate that is proportional to the amount of
substance. Denote the proportionality constant by k. Write an expression involving
A(t) that expresses this property. What is the sign of the proportionality constant in
this equation? If A(7) = A(0)/ 3 find aformulafor A(t).

Problem 18-11. In recent years many politicians have vowed to “decrease the
growth of government.” Denote by G(t) the size of government at time t. If the
politicians making the previous claim were successful, what properties would you
expect G(t), G' (t) and G'' (t) to have? Briefly explain your answer.
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Solutionsto Problems

Problem 18-1. Since cosh(X) is never zero, the domain of tanh(x) is al red
numbers. Since y = x is a slant asymptote of the unit hyperbola, the range
of tanh(x) is{x O R :-1<x<1}. The quotient rule gives the derivative as
1/ cosh?(x) = 1/ (cosh(x))? = sech®x.

Problem 18-2. Since the derivative of tanh(x) is always positive, tanh(x) is
aways increasing, and thus has an inverse function. From the general for-

mula, %(arctanh (X) = (cosh(arctanh (x)))2. Dividing the fundamental relation
cosh?(x) — sinh?(x) = 1 by cosh?(x) gives 1 - tanh?(x) = 1/ cosh®(X). Substi-
tuting arctanh () for x then gives 1 — x2 = 1/ cosh?(arctanh (x)). So finally

dgxarctanh (x) = 1/(1 - x). For which values of x does this formula hold?

Problem 18-3. The domain of sechx isR, therangeis{x O R : 0 < x< 1},
and the derivative is —sech x tanhx, by the quotient rule. The domain of
cschxis{x R : x# 0}, the range is the same as the domain, and the deriva-
tive is —csch xcoth x.  The domain of cothx is {x O R : x# 0}, the range is
{xOR:x<-1orx> 1}, and the derivative is —csch ?x.

1 1
Problem 18-4. Using integration by partsgives/ x€dx = e—/ gdx=1.
0 0

Problem 18-5. The product rule gives the derivative as 1 + In(w).

Problem 18-6. From the previous problem, one function with derivative In(x)
isxIn(x) — x. Integration by parts could also be used.

Problem 18-7. False. Thisisonly truefor —n/2 < x < /2, the domain of the
special sine function.

Problem 18-8. True. Thisfollows from the Pythagorean identity after substi-
tuting arcsin(x) asthe angle.

Problem 18-9. Here D(t +s) = D(t) + s/1+(2t)2 + o(s), since at time
t the particle is aimost traveling along a straight line with slope 2t. Thus
D'(t) = Vv1+4t2. The Fundamental Theorem then gives D(4) = D(4) — D(0) =

4
/ v/ 1+ 4t2. The substitution rulewith f'(t) = v1+12 and g(t) = 2t showsthat
0

8
thisintegral is(l/2)/ vV 1+t2dt = (1/4)arcsinh (8) + 4/ 1+ 82.
0

Problem 18-10. A'(t) = kKA(t). The constant k must be negative. Thisreflects
the fact that the amount of substance is decreasing with time. Separation of
variables gives A’ (t)/A(t) = k. Integrating both sides fromt = 0 to an arbitrary
t = w > 0 gives In(A(w)/A(0)) = kw, from which A(t) = A(0)é®. The given
information yields 7k = In(1/3) or k = = In(3)/7. Thus A(t) = A(0)e "7,

Problem 18-11. | would expect the government to keep growing but at a
slower rate. Hence G' (t) =2 0and G'' (t) < 0.
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Solutionsto Exercises

Exercise 18-1. Ananglewith radian measuret determines a sector whose area
is a fraction t/ 2z of the area of the unit circle. Thus the area of the sector is
(t/2m) (7 (1)?) = t/2.

Exercise 18-2. From the graph, cosh(0) = 1 and sinh(0) = 0.

Exercise 18-3. The graph of cosh(x) is qualitatively similar to the graph of
1+ %2, while the graph of sinh(x) is qualitatively similar to the graph of x.

Exercise 184. Since cosh(-t) = cosh(t), every point in the range of the
original hyperbolic cosine function is the image of two points, one positive and
one negative, in the domain of the function. One of these two points must
be eliminated from the domain in order to obtain a function having an inverse
function.

Exercise 18-5. Start with arccosh (cosh(z)) = z and differentiate both sidesto
d cosh(2) = 1. Since cosh?(2) — sinh?(2) = 1, the square

1
\/cosh?(z) - 14z

root term simplifies to sinh(z), and the equation re-arranges as desired.

obtain



§19. Optimization

There are many practical problems which involve selecting the best course of
action: produce the most fuel efficient car, the least expensive piece of equipment,
etc. When the criteria for determining the course of action can be expressed as a
function of the variables under the control of the designer, the best course of action
can be identified using cal culus techniques.

Example 19-1. A cylindrical can, including top and bottom, is to be designed to
hold 384 milliliters of liquid. How should the radius r and height h of the can
be selected so that the least amount of material is used in making the can? The
amount of material required to make a cylindrical can of radiusr and height h is
2rtr2 + 2xrh, which is a function of two variables. Because the volume of the can
is known, the two variables are related. The volume of the cylindrical canis r2h
using general properties of cylinders. The volume here is known to be 384. Hence
mr?h = 384. Thisequality can be used to express either of the variablesin terms of
the other. Solving for h gives h = 384/ zrr2. Using this, the amount A(r) of material
used to make a can of radiusr and having volume 384 isA(r) = 2rr? + 768/r. This
function is defined for r > 0 in the context of this problem. The objectiveisto find
the value of r at which A(r) takesits smallest value.

Exercise19-1. How doesthe example proceed if the equation rr2h = 384 is solved
for r in terms of h?

A good first step isto understand carefully what is meant by saying that misa
location at which afunction f takes its smallest value. The point mis alocation at
which afunction f takesis smallest valueif misinthedomain of f, and f(m) < f(x)
for al other points x in the domain of f. Such a point mis called a location of
the absolute minimum of the function f, and the value f (m) is called the absolute
minimum of f. Similarly, M isalocation at which f takesitslargest value if M is
in the domain of f and f(M) = f(x) for all other x in the domain of f. Such a point
M iscalled alocation of the absolute maximum of f, and the valuef(M) iscalled
the absolute maximum of the function f.

Exercise 19-2. Can there be more than one location at which a function takes its
smallest or largest value?

Finding the location at which afunction f takesits smallest or largest value can
be approached geometrically. Suppose misalocation at which f takes its smallest
value. Then to either the left or right of m, the values of f must be larger than
the value at m. Thus to the left of m, the slope of the approximating line must be
negative; to the right of m the slope of the approximating line must be positive.
Hence f'(m) = 0. Similar reasoning can be applied if M is the location at which f

Copyright 00 2006 Jerry Alan Veeh. All rights reserved.
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takesits largest value.

Exercise 19-3. Arguethat if M isalocation at which f takesits largest value then
f'(M) =0.

Thisgeometricintuitionisalgebraically supported by the fundamental equation.
Sincef(m+s) = f(m)+f' (m)s+o0(s), for small enough stheright side of thisequality
is dominated by the term ' (m)s. If f'(m) # O the value of f(m+ s) could be made
less than f (m) by choosing asmall enough s of sign opposite that of f'(m). Sof’(m)
must be zero. Similar reasoning applies at alocation M of a maximum value of f.

Points at which the derivative is zero do not have to be the location of either a
maximum or a minimum. Such points merely could be the location of a maximum
or minimum. Here is an exampleillustrating this behavior.

Example 19-2. The function f(x) = x3 on the the domain -1 < x < 1 has its
maximum value at X = 1 and its minimum value at x = —=1. Even though f'(0) = 0,
x = 0isnot the location of either a maximum value or minimum value of f.

The preceding exampl e points out that the endpoints of the domain of afunction
might be the location of a maximum or a minimum.

Example 19-3. The function g(x) = x¥2 is defined for al real numbers x. Notice
that g(x) > O for all x. Simple computation gives g' (x) = (2/3)x V3, which is not
defined at x = 0. But x = 0 isthe location at which g has its minimum value.

Thepreviousexampleillustratesthat pointsat which thederivativeisnot defined
might also be points at which the function takes its maximum or minimum value.
Notice too that a function, such as g in the example, may not have a maximum
value.

Exercise19-4. Giveanexampleof afunctionwhichfailsto haveaminimum value.

The preceding examples lead to the following method for finding the location
at which afunction has its maximum or minimum value. First, locate all points

(1) At which the derivative of the function is zero, or

(2) Which are endpoints of the domain of the function, or

(3) The derivative of the function is not defined.

Second, compute the value of the function at al of the identified points which
are in the domain. If al of the points are in the domain, those corresponding
to the largest computed value are the location(s) of the absolute maximum of the
function; those corresponding to the smallest computed value are the location(s)
of the absolute minimum of the function. If the function takes larger values near
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any of the identified points which are not in the domain, the function does not have
a maximum; if the function takes smaller values near any of the identified points
which are not in the domain, the function does not have a minimum.

Example 19-4. The procedure for finding the location of the absolute maximum
and minimum of a function are now applied to the function A(r) = 2rr2 + 768/,
r > 0, from thefirst example of thissection. Computing gives A’ (r) = 4rr —768/r2,
which is defined for r > 0. The derivative is zero only when 4zr — 768/r? = 0, that
is, whenr = (768/4r)Y3. The endpoints of the domain of A are 0 and infinity. There
are no pointsin thedomain of A at whichthe derivativeisnot defined. For r positive
and near 0O, the values A(r) become arbitrarily large. For r large and positive, the
values of A(r) also become arbitrarily large. So (768/4r)Y?2 is the location of the
minimum of A. To minimize the material used in constructing the cylindrical can,
the radius of the can should be (768/ 4r)Y3.

Exercise 19-5. What should the height of the can made with the minimal amount
of material be?

Exercise 19-6. If the problem had be solved by expressing the amount of material
in terms of hinstead of r, how is the solution found?

Studying the values of afunction near points at which the function is not even
defined is a useful idea. The concept of limit is used to make this notion more
precise and usable. The limit of f(Xx) as x approaches ais L, denoted Limf(x) =L,
if L isthe single value that f(X) can be forced to be near by requiring x to be near,
but not equal to, a. If thereis no such single number, the limit does not exist.

Example 19-5. For the function f(x) = %, Lirr31f(x) = 9, since when x is near 3, x?
isnear 9. Notice that in this case the value of the limit can be computed by simply
plugging in 3 for x in the formulafor f.

2 _
Example 19-6. For the function g(x) = X

x—1
X -1 _ (x+1)(x-1)

, Iirrfg(x) = 2. Thisis because for
X —

X% 1, =1 = =x+ 1. Thusif xisnear 1, x+ 1isnear 2. Notice
that in this case the limit can not be computed by plugging in, since 1 is not in the
domain of g.

Example 19-7. For the function h(x) = X, lerr(} h(x) does not exist, since for small
negative x the function is not defined.

The situation of the last example is exactly the situation that occurs when
studying the values of afunction at the endpoints of itsdomain. For thisreason, the
concept of limit is expanded slightly. The limit of f(X) as x approaches a from the
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right isL, denoted )!ir;lf(x) =L, if L isthe single value that f (x) can be forced to be

near by requiring x to be near aand x > a. The limit of f(X) as x approaches a from
theleftisL, denotedxliry_f(x) =L, if L isthe single value that f(x) can be forced to

be near by requiring xto be near aand x < a.

Example 19-8. For the function h(x) = X, lim,_¢- h(X) = 0, while lim,_ o- h(X)
does not exist.

Example 19-9. For the functioni(x) = x/ |x]|, Iirg i(x) =-1.
X-0"
Exercise 19-7. What is Iirg\ 1(X)? What isi(0)?
X-0*

Example 19-10. The function sin(1/x) on the domain x > 0 oscillates rapidly to
the right of the origin. Thus I|m sin(1/x) does not exist, since there is no single

value that sin(1/x) can be forced to be near for small positive values of x.

Althoughinfinity isnot anumber, the concept of infinity isuseful in representing
values that can be made arbitrarily large.

Example 19-11. The limit LI_I:T(} Xlz = o0, since for small positive or negative values
of x theratio 1/x? isalarge positive number, and can be made as large as desired by
choosing x close enough to zero. Likewise Ilrg x5 = —o0, Sinceinthiscasetheratio
can be made to be an arbitrary large negative number by choosing x close enough
to zero.

1 1 1
Exercise 19-8. Computellmf |Im— and lim—.
X x-0" X x-0 X

Example 19-12. Finally, the values of afunction for arbitrarily large inputs can be
x+1
studied. For example, if r(x) = =1 then I|m r(x) = 1, since for large values of x

the numerator and denominator are nearly equal Similarly, Xllr_Qo r(x) = 1too.

X2 + 7X X2 + X

Exercise 19-9. Whatislim ?Whatis lim
X—e X2 — 7X X0 )2 =X

I)

Using the concept of limit, theearlier investigation into thelocation of maximum
and minimum values can be more succinctly completed.

Example 19-13. For the function A(r) = 2rr? + 768/, the possible locations of a
maximum or minimum were identified asr = (768/4r)Y3, which was the point at
which the derivative is zero, as well as the points 0 and o, which are the endpoints
of the domain. Since rIiﬁr(r)w+ A(r) = o and !'IE A(r) = oo, the function A(r) has no

maximum value, and the minimum occurs at r = (768/4r)Y3.
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The concept of limit al so servesto makethe definition of derivative precise. The
earlier discussion of o(s) concluded that the precise understanding of o(s) was that
I|m 0(s)/s = 0. This observation leads to an aternate definition of derivative which

|s often used. The derivative of the function f at the point x = a can be defined by
f'(a) = Islm w. To see that this definition is equivalent to the definition
that has been used here, usethe fundamental equation towritef (a+s)-f(a) = f'(a)s+
0(s). Substitution then gives I|m M f @ + i = f'(a), and the

S
two definitions agree. The defl nltlon of derivative used here makes derivations and
approximations easier to understand.
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Problems

Problem 19-1. Trueor False: For any real number x > 0, arctanx = x/ (1 + x?).

Problem 19-2. Compute gtet sint

t=r

Problem 19-3. Compute Ci(X\/l + X2,
/]
Problem 19-4. Compute /0 cos2t dt.
Problem 19-5. Computeltirg sTt_
. sint
Problem 19-6. Computellrg 2.
3 2
Problem 19-7. Compute / xe* dx.
0

3
Problem 19-8. Compute /O x€" dx.

Problem 19-9. A box without a top is to be made using 96 sgquare inches of
cardboard. If the base of the box is square, what is the largest possible volume of
the box?

Problem 19-10. A cone shaped drinking cup is to be made out of paper. The cup
must hold 100 cubic centimeters of fluid. What is the height and radius of the cup
holding this amount of fluid which usesthe least material inits construction? If the
radius of the opening of the cup isr and the height is h, the volume is 7r?h/3 and
the surface areaiis rvr2 + h2.

Problem 19-11. Mary’s boat leaves adock at 1:00 PM and travels due north at 10
miles per hour. Robert’s boat reaches the same dock at 2:00 PM after traveling due
west at 12 miles per hour. At what time were the two boats closest to each other?
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Solutionsto Problems

X

1+t2
0
the area represented by the integral with the area of arectangle.

Problem 19-1. True, since arctanx = dt = x/ (1 + x?) by comparing

Problem 19-2.  Using the product rule gives (¢'sint)’ = € cost + € sint.
Pluggingint = & givesthe value as—€".

Problem 19-3. Using the product rule and chain rule gives %xx/ 1+x2 =

XIV1I+X2+/1+x2 = (1+23)V1+xX2.

b4 2r
Problem 19-4. The substitution rulegiv&/ costht:(]JZ)/ costdt =
0 0
0.

Problem 19-5. From the definition of derivative, sint = 0 + cos(0)t + o(t) for
t near 0. Making this substitution shows that the limit is 1.

Problem 19-6. Since-1<sint < 1for al t, thelimitis zero.

3
Problem 19-7. The substitution method with g(x) = x? gives / xe¥ dx =
0

W2 /Ogede = (- 1)/2.

3
Problem 19-8. Integration by parts gives the value as / xe“dx = 3e® -
0

1
/ edx=2e3+1.
0

Problem 19-9. If the side length of the base of the box is b, the volume
of the box is V(b) = hb?, where h is the height of the box. The amount of
cardboard used to build such abox is b? + 4bh, and this must equal 96. Solving
b? + 4bh = 96 for hiin terms of b givesh = 24/b + b/ 4. Thus V(b) = 24b + b%/4
after substitution into the earlier expression for the volume. The domain of V is
{bOR:0<b<+v9}. Now V' (b) = 24 + 30?/4 which is zero on this domain
only when b = /32, and there are no values of b in the domain at which V' (b) is
not defined. Sincek!irg+ V(b) =0andlim,_ g V(b) = 0, the maximum value of

V is attained when b = v32. The largest volume is therefore V(v32) = 181.019.

Problem 19-10.  Setting the volume equal to 100 gives the relationship
nr?h/ 3 = 100 betweenr and h. Using this, the amount of paper requiredisP(r) =
7ry/r2 +(300/ r2)2 in terms of r alone. The domain of Pis{r OR : 0<r}.
Now P'(r) = zr(2r — 360000/ £2r®)/2,/r2 + (300/ r2)2 + 1+/r2 + (300/ r2)2
by the product rule and chain rule. ThusP’ (r) = 0 only when réz2 — 45000 = 0,
or whenr = (45000)V6/ V3 = 4.072. Sincerling+ P(r) = o and lim P(r) = oo, this
valueof r correspondsto theminimal amount of paper usage. The corresponding
height h = 5.758.
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Problem 19-11. Using a coordinate system with origin at the dock, and
measuring time t in hours past 1:00 PM gives the position of Mary’s boat at
time t as (0, 10t) and the position of Robert’s boat at time t as (12 - 12t, 0).
The distance between the boats is D(t) = /(12 - 12t)2 + (10t)2, for 0 < t < 1.
Hence D' (t) = (488t — 288)/ /(12 - 12t)2 + (10t)2. The derivative is zero at
timet = 288/488. Since D(0) = 12, D(1) = 10, and D(288/488) = 7.682, the
distanceisaminimum at timet = 288/488, that is, at approximately 1:35PM.
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Solutionsto Exercises

Exercise 19-1. Sincer = v/384/ h, the amount of material used as afunction
of hisB(h) = 768/h + 2v384rh, for h > 0. The objectiveisto find the value of
h at which B(h) is as small as possible.

Exercise 19-2. Yes. The function sinx provides an example. The smallest
value -1 is obtained at 3n/2, 7x/2,..., among others. The largest value 1 is
also obtained at many places.

Exercise19-3. Valuesof f both to the left and right of M must be smaller than
the value of f at M. So to the left of M the slope of the approximating lines
must be positive; to the right of M the slope of the approximating lines must be
negative. Hencef'(M) = 0.

Exercise 19-4. One example is the function h(x) = 1/(1 + x?). Where does h
have its maximum value?

Exercise19-5. Fromtheearlier discussion, theheight hand radiusr arerelated
by h = 384/ nr?. So the height should be 384/ (768/ 4r)?'3.

Exercise 19-6. From an earlier exercise, the function whose minimum is to
be found in this case is B(h) = 768/h + 2v384rh, for h > 0. Now B'(h) =
-768/h? + v/384r/vh, which is defined everywhere in the domain of B and is
zero when h = (2v384/)?3. Since B(h) takes large values for h near 0 or
infinity, the minimum value of B occurs when h = (2v384/7)?3. Thisis the
same value as found by the other approach.

Exercise 19-7. Iirg i(X) =1, and i(0) is not defined.
X 0F

Exercise19-8. |lim — =, |i

. . + . + 7X
Exercise 19-9. lim =landlim 2= 7x = 1too.
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§20. Maclaurin and Taylor Expansions

The fundamental equation and the Fundamental Theorem of Calculus are the
first stepsin a more general expansion of afunction in terms of its derivatives at a
point.

Example 20-1. Applying the Fundamental Theor?m to the function e* gives € =
X X

e’ +/ edt = 1+/ e dt. Similarly, € = 1+/ €" dt. Substituting this second
0 0 0

. . ) . X t X pt
expression into thefirst gives e = 1+/0 <1+/0 e“du) dt = 1+x+/0 /0 €' dudt.
This expansion parallels the expansion given by the fundamental equation, but is
valid whether or not x is small. This substitution can also be repeated.

Exercise 20—1. What happensiif the substitution is used again?

The expansion obtained in thisway is caled the Maclaurin expansion of the
function €. Thedistinguishing aspect of aMaclaurin expansionisthat the expansion
starts at the point x = 0.

Exercise 20-2. Find the Maclaurin expansion of sinx up to termsinvolving x3.

X
More generally, since the Fundamental Theorem yieldsf(x) = f(a) + / f(t) dt
a

t
and since the Fundamental Theorem also givesf'(t) = f'(a) + / f'" (u) du substitu-
tion produces :

£(x) :f(a)+/ax <f’(a)+/atf”(u)du> dt
:f(a)+f’(a)(x—a)+/:/atf”(u)dudt.

This procedure produces the Taylor expansion of the function f about the point
x = a. The Fundamental Theorem can again be applied to f'’, and this process can
then be continued indefinitely.

Exercise 20-3. Find the Taylor expansion of e about x = 3.

Taylor and Maclaurin expansions can be used to refine some of the ideas devel-
oped earlier. The important points to note are that no approximation isinvolved in
either of these expansions, and the expansions hold for all values of x, small or not,
in the domain of the function being expanded.

Example20-2. Suppose misthelocation of aminimum of thefunctionf. The Tay-
X pt

lor expansion of f aroundx:misf(x):f(m)+f’(m)(x—m)+/ /f”(u)dudt,as
mJm

Copyright 0 2006 Jerry Alan Veeh. All rights reserved.
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wasseen above. Now f' (m) = 0, and using thisgivesf (x) = f (m)+ / ’ / () dudt,
The integral must be positive for x near m, since misthe location 'of @ minimum of
f. Conversely, if f'(m) = 0 and if f''(u) = O for all uthen m must be the location
of aminimum of f. This global property of the second derivative guarantees the
existence of a minimum.

Exercise 204. What is the analogous statement at the location M of a maximum
value of f?

A function f is convex if the domain of f isan interval and f''(x) > O at al
pointsin the domain of f. The preceding discussion shows that the maximum value
of a convex function must occur at an endpoint of the domain, and any point m at
which f'(m) = 0 isthe location of a minimum of f. A function f is concave if the
domain of f isaninterval and f''(x) < O at al pointsin the domain of f. A concave
function has amaximum value at any point M at which f' (M) = 0 and the minimum
value occurs at an endpoint of the domain.

Some calculusbooksrefer to aconvex function as‘ concave up’ and to aconcave
function as ‘concave down.” This usage seems to be confined to calculus books.
The terms convex and concave are more widely used.

Exercise 20-5. Show that if f isconvex, the graph of f lieson or above the tangent
line to the graph of f at any point.

Exercise20-6. Show that if f isconcave, thegraph of f lieson or below the tangent
line to the graph of f at any point.

Exercise 20-7. Show that € is convex.
Exercise 20-8. IsInx aconcave function?

Example 20-3. As another use of Maclaurin expansions the growth rate of € is
studied. Continuing the Maclaurin expansion of € in the first example of this
section gives € = 1+ x + x%/2 + x3/6 + aremainder integral. Now values of the
exponential function are always positive, so the remainder integral must be positive
when x is positive. Thus & > x*/6 for x > 0, and lim /x> J(Lrpo(x3/6)/x2 = 0. SO
€ increases to infinity faster than x? as x goes to infinity. Continuing the Maclaurin
expansion provides a proof that for any positive p, J(Lr[l e/xP = o0,

. .. In
Exercise 20-9. WhatISJ(II'T;]o 7)(?

Asafinal useof these expansion techniquestheerror of theearlier reconstruction
method can be estimated.
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Example 204. The fundamental equation f(x + s) = f(x) + f’(X)s + o(s) was used
earlier to reconstruct the graph of f from aknowledge of the derivative of f together
with a single point on the graph. This reconstruction was only approximate, since
the o(s) term was treated as being zero. How much error did this introduce in the
computation? Consider the first step in such an approximation, with the starting
point being x = 0 and step size being 0.1. The approxi matioon1 gives f(0.1) =
f(0) +f'(0)(0.1). Thetruevaueisf(0.1) = f(0) +f'(0)(0.1) +/0 ' /Otf”(u) dudt.

0.1 ,t
The error for this one step is therefore /0 / f'"(u) dudt. If the second derivative

0
is trapped between two numbers, say m< f'’(u) < M, direct computation gives
01 ,t
m(0.1)%/2 < / / £ () dudt < M(0.1)%/2
0 0

as an estimte of the size of the error for this one step. Computing a particular value
of f by thismethod, say f(7), would require about 7/(0.1) steps, so the total error in
computing f(7) would lie between 7m(0.1)/2 and 7M(0.1)/2. If boundson '’ are
available, the step size can be adjusted to make this error as small as desired.
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Problems
Problem 20-1. Trueor False: For any real number x, coshx = v/1 + sinh® x.
Problem 20-2. Compute |im x2e™,

Problem 20-3. Find the Maclaurin expansion of cosz up to termsinvolving 2.

1-cosz
y

Problem 20—4. Compute Izi m

Problem 20-5. Compute O(ljzsecz

z=0

1
Problem 20-6. Compute /O coshx dx.

2
Problem 20-7. Compute / V1 + w2 dw.
0
Problem 20-8. Compute Iircr)lxlnx.
X—

Problem 20-9. Let C(v) denote the fuel consumption, in gallons per hour, of a car
traveling with speed v in miles per hour. The function C(v) = 1 + 0.0002(v — 45)?
models the fuel consumption for a particular car. At what speed should this car be
driven in order to get the best gas mileage, that is, in order to use the least fuel per
mile driven?
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Solutionsto Problems

Problem 20-1. True, since cosh?x —sinh?x = 1 and cosh x > 1 for all x.

Problem 20-2. Thislimit iszero, since lim €/x? = w0

X— 00

z t
Problem 20-3. Here cosz = 1 + —sintdt and sint = cosudu, so

cosz = 1+/ ( /cosudu) d =1- // ( —/ smvdv) dudt =
1- 22/2+/// sinvdvdudt.

Problem 204. Using the Maclaurin expansion of the previous problem gives
thelimit as 1/2. A careful argument requires abound on the remainder integral.
Since -1 < sinv < 1, the remainder integral satisfies the mequalltl& -2216 =

///(1)dvdudt [ svavaa < [ [ [ 1aveven =

Z’16. So the remainder integral is o(2) and the ratio of the remainder inte-
gral to 2 doesvanishasz — 0.

Problem 20-5. The quotient rule gives the derivative of secz = 1/ cosz as
secztanz The value of the derivative at zero is therefore 0.

Problem 20-6. 1Since the derivative of sinhx is coshx, the Fundamental
Theorem givec/ coshxdx =sinhl1-sinh0=sinh1.
0

2 R
Problem 20-7. / V1+w2dw = V1+22 + (1/2)arcsinh 2 by a geometric
0
argument used earlier.

Problem 20-8. Replace x by €™ and let the new x head to infinity. This
substitution gives Iirg xInx=lime™*(-x) =0
X-0* X - 00

Problem 20-9. Driving at speed v for one hour will require C(v) gallons
and will travel v miles. The gas mileage, G(v), at this speed v is thus v/ C(v).
The domain of G(v) is0 < v < . The quotient rule gives G' (v) = (C(v) -
vC' (V))/ (C(v))2. Since C(V) is never zero, this derivative is defined everywhere
in the domain of G, and G'(v) = 0 only when C(v) = vC'(v). Solving this
quardratic equation givesv = 83.81. Since Vlir(r)l Gv)=0= \IILrpo G(v), the best
gas mileage is obtained at a speed of about 84 miles per hour. Don't try this out
at home!
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Solutionsto Exercises
Exercise 20-1. Writinge" = 1+ fou €’ dv and plugging in givese* = 1+ x +

X t u X t u
/ / <1+/ e"dv) dudt:1+x+x2/2+/ // e’ dvdudt.
o Jo 0 o Jo Jo

X t
Exercise20-2. Sincesinx = costdtandcost =1+ | —sinudu, substitu-

0 0
X t X t
tiongivessinx=/ <1+/ —sinudu) dt=x—/ /sinududt. Repeating
0 0 0. JO

X t u \
this substitution process givessinx = x—x3/6+/ / / / sinwdwdvdudt.
0o Jo Jo JO

X X t
Exercise 20-3. Here & = €° +/ edt = e3+/ <e3+/ e”du> dt =
3 3

3
X t
e3+e3(x—3)+//e”dudt.
3 J3

Exercise 204. At the location of a maximum, f(x) = f(M) +f'(M)(x = M) +

X t X t
/ /f”(u)dudt:f(M)+/ /f”(u)dudt,sincef’(M):O. Sotheintegral
M JM M JM

must be non-positive for x near M. Moreover, if /(M) = 0and if f''(u) < O for
al uthen M must be the location of a maximum of f.

Exercise 20-5. If (a,f(a)) isany point on the graph of f the Taylor expansion
X t
givesf(x) =f(a) + f'(a)(x - a) +/ / f''(u)dudt = f(a) + f'(a)(x—a). The
a a
conclusion follows sincef (a) + ' (a)(x — a) is the graph of the tangent line at the
point (a, f (a)).
Exercise 206. If (a,f(a)) isany point on the graph of f the Taylor expansion
X t
givesf(x) =f(a) + f'(a)(x - a) +/ / f''(u)dudt < f(a) +f'(a)(x—a). The
a a
conclusion follows sincef (a) +f' (a)(x —a) is the graph of the tangent line at the
point (a, f (a)).

Exercise 20-7. The second derivative of € *ise™ > 0.

Exercise 20-8. The second derivative of Inxis—1/x? < 0, so Inx is concave.

Exercise 20-9. ReplacexbyexinthelimittoobtainIimln—x:Iim =0.

X
X—00 X X—00 @X
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821. The Fundamental Theorem Examined

b
The Fundamental Theorem of Calculus states that / f'(t)dt = f(b)—f(a). The
Fundamental Theorem can fail in two ways. :

Example 21-1. Consider the function f which takes the value 1 over the interval
0 < x £ 1 and the value 2 over the interval 1 < x < 2. Then f’ existsand is 0
except at the point 1. Takinga = 1/2 and b = 3/2 and using this fact about f' gives

/1/ f'(t)dt = 0, while f(3/2) - f(1/2) = 1. The Fundamental Theorem fails here
2
because the derivative f' failed to exist at a single point.

The other way in which the Fundamental Theorem can fail ismore subtle. If the
function f' does not determine an area, then the geometric argument used to derive
the Fundamental Theorem will fail, and so will the theorem. To examine thisissue
the notion of area must be defined carefully.

Example 21-2. Functionsfor which f' does not determine area are not too exotic.
Here is an example from the book Counterexamples in Analysis by Gelbaum and
Olmstead. Define f(x) = x?sin(1/x?) for x# 0 and f(0) = 0. For x # 0 the usual
differentiation rules give f' (x) = 2xsin(1/x?) — (2/x) cos(1/x?). Direct computation
givesf(0+s) = 0+s?sin(1/s?) = 0+0(s), sothat f'(0) = 0. Thusf hasaderivative at
every point. Inspection of the formulafor f’(x) shows that the derivative becomes
arbitrarily large near 0. Aswill be seen below, thiswill preclude the existence of an
areadetermined by f’ over theinterval 0 < x < 1.

The basic geometric object for which area is defined is the square. By decom-
posing a rectangle into small squares, the fact that rectangles do have area and a
formulafor the area of arectangle is obtained. Since two congruent right triangles
can be arranged in the form of a rectangle, the fact that right triangles have area
and a formula for the area of aright triangle is obtained. A genera triangle can
be represented as the union or difference of two right triangles, so the fact that a
genera triangle has area and aformulafor its area can be obtained.

The simplest geometric object for which the idea of area needs clarification
is the circle. Archimedes attacked the problem of finding the area of a circle by
inscribing aregular n sided polygon inside the circle and incribing the circle inside
aregular n sided polygon. Geometrically the area of the large and small polygon
must become equal as the number n of sidestends to infinity. The common limiting
value for the areas of the inscribed and inscribing polygonsisthe area of the circle.

Inthe 1850's, Bernhard Riemann used an argument similar to that of Arqhi medes
to determine when the graph of a function determines area. His paper Uber die

Copyright 0 2006 Jerry Alan Veeh. All rights reserved.
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Darstellbarkeit einer Function durch einetrigonometrische Reihe appeared in 1854.
An english trandation is available in Collected Works of Bernhard Riemann, 2004.
Riemann’s idea was modified to a simpler, equivalent notion by Jean Gaston Dar-
boux in 1870. Although the method below is due to Darboux, Riemann’s name is
often attached to the development.

The outline of Darboux’sideaisthis. Suppose the function f' is defined on the
interval [a,b]. Divide the interval into a finite number of subintervals. On each
subinterval, construct an inscribed rectangle which lies entirely beneath the graph
of f'. Thetotal areaof all of these rectangles must be less than the area determined
by f'. The situation is as in the picture below.

fr(x)

a b

The total area of these rectanglesisthe lower Riemann sum corresponding to this
partition of the interval of integration.

For the same subdivision of the interval, construct inscribing rectangles which
enclose the graph of f'. The area of these rectangles must be at least as much asthe
areadetermined by f'. The situation is as shown below.

f1(x)
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Thetotal area of these rectanglesisthe upper Riemann sum corresponding to this
partition of the interval of integration.

Now let the number of subdivisionsincreasein such away that the length of the
largest single subdivision approaches zero. If the lower and upper Riemann sums
become equal in this limit, then the common limiting value is the area enclosed by
thegraph of f'. If lower and upper Riemann sums do not become equal in the limit,
then the graph of f' does not determine an area.

One consequence of this approach is that an unbounded function, that is, a
function whose range is not contained in a finite interval, can not determine area.
Thisis so for the simple reason that the inscribing rectangles can not al be drawn,
since the top of at least one of theseis at infinity.

Exercise 21-1. Explain why the function f' of the earlier example does not deter-
mine area over theinterval 0 < x < 1.

Theoscillatory nature of the derivativein the earlier exampleillustrates another,
more exotic, way in which a function can fail to determine area. If the function
values oscillate wildly in the vicinity of enough points, the inscribed and inscribing
rectangles will never have nearly equal area. This argument shows that even
bounded functions can fail to determine area.

On amore positive note, geometric reasoning leads to a simple criterion which
guaranteesthat the graph of afunction determinesarea. Examineasingleinterval in
the partition. The area of the inscribed and inscribing rectangle will be nearly equal
if the maximum value and minimum value of the function on this single partitioning
interval are nearly equal. Thiswill be guaranteed to occur if at every point x in the
interval of integration, Izi p;lf’(z) =f'(x).

This property of afunction is given aname. A function g is continuous at the
point x if x isin the domain of g and IzirQ 0(2) = x. Thefunction g is continuouson a

giveninterval if g iscontinuous at each point in the given interval.

The upshot of thisdiscussionisthat if theintegrand is continuouson theinterval
of integration, then the graph of the integrand determines area. The Fundamental
Theorem will then hold.

Example21-3. Eventhoughthefunctionf giveninthefirst example of thissection
IS not continuous at X = 1, the graph of f does determine area. Thisis because the

graph of f determines exactly two rectangles.

Exercise 21-2. Explain why thisfunction f isnot continuous at x = 1.
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The geometric ideas embodied in the arguments of Darboux and Riemann lead
to adifferent method of approximating the value of an integral.

2
Example 21-4. How can In(2) = / 1/xdx be computed? Since the logarithm

function is defined by an integral, co%nputing this value by using the Fundamental
Theorem is impossible. A numerical method based on approximating the area
represented by the integral with the area of trapezoids can be easily developed.

Theideabehind the trapezoid rule approximation to the value of theintegral is
illustrated below. Subdividetheinterval 1 < x < 2 into 4 equal length subintervals.
On each subinterval, erect atrapezoid having two verticeslying on the graph of 1/x.
The total area of these 4 trapezoids should be a good approximation to the value of

theintegral.
\]JX

1 2
The picture indicates that the trapezoidal approximation should be quite accurate.

The detailed calculation for the approximation is
/12 Uxdx = i(y1+ 1/1.25)/2
+ 1(1/1.25 +1/15)/2
+ 411(1/ 1.5+1/1.75)/2
+ i(u1.75+ 1/2)/2

= 0.6970

using the formulafor the area of atrapezoid.

Intuitively, increasing the number of subintervals should increase the accuracy
of the approximation. In order to conveniently discuss a general number of subdi-
visions, some notation is required in order to present the resulting computational
formula.
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Formulasinvolving sums of termsarisein this, and many other situations. Often
the terms to be added exhibit a simple pattern. In such cases a shorthand notation
can be used for the sum. If g isafunction whose domain is an interval of integers,

n
say m< i < n, the notation Z g(i) = g(m) + g(m+ 1) +...+g(n). Notice that the
i=m
index of summation i has the lower endpoint of summation m as its first value.
Thefirst term to be added isthe value of the function g(m). Theindex of summation
Is then increased by 1, and the second term to be added isg(m+ 1). The index is
sucessively increased by 1 until i is assigned the value specified by the upper limit
of summation n. Thelast value added is g(n).

5
Example 21-5. ThesumZi =1+2+3+4+5 = 15. Heretheindex of summation

i=1
i initially takesthe value 1 and isincreased by 1 until the valuei = 5.

2
Example 21-6. Thesum > j2 = (=3)* + (-2)* + (1) + 0* + 1 + 22 = 19,
=3

5
Exercise 21-3. What is _ sin(kz/2)?
k=2

3
Exercise 21-4. Compute > j°.
=1

2
Example 21-7. Using this notation, the trapezoid rule approximation to / 1/xdx
1
18 /@ +i/n)+ @A+ +2)/n)

using n subdivisions of theinterval 1< x< 2is= ) >
i=0

1
Exercise 21-5. Write the trapezoid rule approximation to / sin(x?) dx using 10
0
subintervals in summation notation.

Intuitively, the error in the trapezoid approximation should depend on the size of
the second derivative of the integrand. An interesting, but somewhat complicated,
integration by parts argument can be used to show that thisisindeed the case. The
details may be found elsewhere.
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Problems

3
Problem 21-1. Compute > (2k 7).
k=—2

Problem 21-2. Find the Maclaurin expansion for tanz up to terms involving 2.
Problem 21-3. Compute lim tanw .
w-0 W

d

e
gr € cost

Problem 21-4. Compute

r=m

z

1+ 7 dz

3
Problem 21-5. Compute /
1

va
Problem 21-6. Compute V1-t2dt.
0

Problem 21-7. Water flows into a spherically shaped tank at a constant rate of 20
liters per minute. Thetank isempty at timet = 0. Denote by D(t) the depth of water
in the tank at timet. Is D’ (t) positive, negative, or zero? Denote by ty, t,, and t3
the times at which the tank is 1/3 full, /2 full, and 2/3 full respectively. Which of
D''(t,), D' (t,) and D"’ (t3) are positive? Which are negative? Which are zero?

w2

Problem 21-8. Find the maximum and minimum value of g(w) = we™ on the

interval 0 < w < oo,
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Solutionsto Problems
3
Problem 21-1. » (2k-7)=-11-9-7-5-3-1=-36.
k=-2

Problem 21-2. The derivative of tanzis sec?z, and the derivative of sec?z
is 2sec?ztanz. This gives the Maclauring expansion astanz = 0+ z+ 02 +
anintegral remainder.

Problem 21-3. Using the Maclaurin expansion of the preceding problem
showsthat the limit is 1.

d

dre’cosr = - sinr + € cosr, sothevaluewhenr =

Problem 21-4. Here
is—e".

Problem 21-5. Using substitution wih g(z) = 1+ Z gives the value as
10

(12) | 1/yzdz=V10-v2 = 1.7480.
2

Problem 21-6. /M V1-2dt = (U2)(U4)/1- (U4 + (U2) arcsin(1/4)

0
by an earlier geometric argument.

Problem 21-7. Here D'(t) is positive until the time at which the tank is full,
because the amount of water in the tank isincreasing. When the tank is 1/ 3 full
the surface of the tank gets larger as the tank fills. Consequently the depth of
water, whileincreasing, increasesat aslower rate asthetank fills. SoD'' (t;) < 0.
Similar reasoning showsthat D'’ (t;) = 0 and D'’ (t3) > 0.

Problem 21-8. Hereg'(w) = (1- 2w2)e‘W2, so g’ (w) = 0 onthedomain given
only whenw = v1/2. The endpoints of the domain are 0 and infinity, and neither
of these pointslie in the domain. There are no points at which ¢’ is undefined.
Computing values gives g(v1/2) = € ¥?/2, V\Ilin(} =0and lim g(w) = 0. Sothe

maximum value of g is e2/v2 and g has no minimum value on this domain.
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Solutionsto Exercises
Exercise 21-1. For x# 0 f'(x) = 2xsin(1/x?) — (2/x) cos(1/x?). For x near
zero, the second term becomes arbitrarily large in both the positive and negative

directions. No inscribing rectangle can possibly be drawn over the subinterval
0 < x< cforany ¢ > 0. So the rectangle scheme can not be carried out.

Exercise 21-2. Sincef takes the value 1 to the left of x = 1 and the value 2
totheright of x = 1, Iirrllf(z) does not exist. So in particular the limit does not
Z—

equal thevauef (1) = 1.

5
Exercise21-3. > _ sin(kz/2) = sin(2n/2)+sin(3r/2)+sin(4r/ 2)+sin(5m/2) =

k=2
0-1+0+1=0.

3
Exercise 21-4. ij =13+2%+3°=1+8+27=36.
j=1

O i )
Exercise21-5. Thesum(1/10) Sin((i710)%) + Zn((l + /10 isthetrape-
i=0

1
zoid approximation to / sin(x?) dx.
0
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822. Some Practical Considerations

The problem of optimization involves finding the points at which the derivative
of afunction iszero. In simple examples these points can be found by applying the
usual algebraic techniques. In more redlistic problems, solving such an equation
can present real difficulties.

Example 22-1. A particle is moving on an €lliptical orbit in the plane. The
position of the particle at time t is p(t) = (4cost,5sint). At what times is the
particle closest to the point (1, 2)? The distance from the particleto the point at time
tisD(t) = v/(4cost —1)2+ (5sint —2)2. Since the sine and cosine functions are
periodic with period 2, the function D(t) is aso periodic with period 2. So there
will be infinitely many timest at which the particleis closest to the given point. To
refine the question, at what timet, 0 <t < 2rx, is the particle closest to the given
9sintcost +4sint — 10 cost
V/(4cost—1)2+ (5sint—2)2’
The derivative D' (t) is defined on the entire interval, and is zero only when the
numerator of the expression for D' (t) is zero. From the physical properties of the
orbit, the time at which the particle is closest liesin the interval 0 <t < /2. At
which value of tin thisinterval is9sintcost + 4sint — 10 cost = 0?

point? Computing and simplifying gives D' (t) =

Simple algebraic techniquesfail to provide asolution of the foregoing equation.
Two numerical methods will now be described that lead to an approximate solution
of the equation.

Thefirst approach to solving the equation is called the bisection method. This
approach hinges on the observation that if the value of a continuous function is
less than O at one point and greater than zero at another, there must be at least one
intermediate point at which the function is zero.

Example 22-2. The bisection method is applied to find avalue of t in the interval
0 <t < w/2 a which N(t) = 9sintcost + 4sint — 10cost is zero. In this case
N(0) = =10 and N(7r/2) = 4, so there must be at least one value of t in thisinterval
at which N(t) = 0. In fact, there is exactly one such value of t in this case, due to
physical considerations. Now compute the midpoint of thisinterval. The midpoint
ist = w/4. Thevalue N(r/4) = 9/2 - 3vy2 = 0.2573 > 0. Since N(0) = -10, the
value of t for which N(t) = O actually liesintheinterval 0 < t < /4. Now compute
the midpoint of thisnew interval. Themidpointisz/8. ThevalueN(r/8) = —4.526.
SinceN(z/4) > 0, thevalue of t at which N takesthe value O must liein theinterval
n/8 <t < n/4. Continuing in this way, the value of t at which N(t) = 0 can be
found to arbitrary accuracy.

Exercise22-1. What isthemidpoint of thislast interval, and what are the endpoints
of the new interval in which the desired value of t must lie?

Copyright 00 2006 Jerry Alan Veeh. All rights reserved.
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The computations are summarized in the following table.

Endpoints

Left(L) Right(R) Midpoint(M) N(L) N(R) N(M) R-L

0 1.5707 0.7853 -10 4 0.2573 1.5707

0 0.7853 0.3926 -10 0.2573 -4526 0.7853
0.3926  0.7853 0.5890 -45260 0.2573 -1.934 0.3926
05890 0.7853 0.6872 -1.9349 0.2573 -0.778 0.1963
0.6872  0.7853 0.7363 -0.7789 0.2573 -0.244 0.0981
0.7363  0.7853 0.7608 -0.2449 0.2573 0.0102 0.0490
0.7363  0.7608 0.7485 -0.2449 0.0102 -0.116 0.0245
0.7485  0.7608 0.7547 -0.1163 0.0102 -0.052 0.0122
0.7547  0.7608 0.7577 -0.0527 0.0102 -0.021 0.0061
0.7577  0.7608 0.7593 -0.0211 0.0102 -0.005 0.0030
0.7593  0.7608 0.7600 -0.0054 0.0102 0.0024 0.0015
0.7593  0.7600 0.7597 -0.0054 0.0024 -0.001 0.0007

Thevalueof t at which N(t) = 0ist = 0.759, to 3 decimal places.

The bisection method is easy to apply and depends only on finding endpoints
of the initial interval at which the function under consideration takes values of
opposite sign. In most problems these endpoints can be determined by physical
characteristics of the problem at hand, as was the case in the example. Notice that
if there is more than one value which makes the function zero in that initial interval,
the bisection method will find only one of them.

Exercise 22-2. What would happen if the bisection method were used to find the
solution of x2 = 0?

A more sophisticated approach is Newton’s Method. To find the value of t
so that N(t) = 0, make an initial estimate of t, say r. If thisintial estimate is not
a solution, take as a new, refined, estimate the intercept of the tangent line to N
through the point (r, N(r)). Since the tangent line through (r, N(r)) has slope N'(r),
the equation of the tangent lineisy — N(r) = N'(r)(x —r). Thus the intercept, and
new estimate, isr — N(r)/N’(r). Repeat this procedure until the desired accuracy is
obtained.

Example22-3. Inthecontext of the preceding example, N(t) = 9sint cost+4sint—
10cost and N’ (t) = 9cos’t — 9sin?t + 4 cost + 10sint. A reasonable first estimate
isr = 0. Since N(0) = =10 and N'(0) = 13, the second estimateisr = 0.7692. The
computations are summarized in the following table.
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r N(r) N’(r)
0.0000 -10.0000 13.0000
0.7692 0.0955 10.1206
0.7598 -0.0006 10.2483
0.7599 0.0000 10.2475
0.7599 0.0000 10.2475

Thusthefirst time of closest approach of the particle to the point is 0.7599 to 4
decimal places.

While Newton’s method often requires less computation to find the solution
to the desired level of accuracy, the method can aso fail to find any root, or may
find aroot outside the original interval of interest. These problems arise whenever
the tangent line at the initial or any subsequent estimate does not approximate the
function closely enough. The bisection method is a better general method.



§22: Some Practical Considerations 119

Problems

Problem 22-1. Use the bisection method to find the value of t at which the particle
is farthest from the point (1, 2) to 3 decimal place accuracy.

Problem 22-2. Use Newton’'s method to find the value of t at which the particleis
farthest from the point (1, 2) to 3 decimal place accuracy.

Problem 22-3. If you haven't already done so, use an initial estimate of m in
the preceding problem. Why does Newton's method produce the time of nearest
approach in this case?

Problem 22—4. A cylindrical can of radiusr and height h, including top and bottom,
IS to be constructed. The can must hold 384 milliliters of fluid. The material
used to construct the can costs $0.001 per square centimeter. Joining the top to
the can requires special processing that costs $0.002 per linear centimeter of the
circumference of the top. What are the dimensions of the can with the least cost?

7

Problem 22-5. Compute / t(t2 + 1) dt.
-5
1

Problem 22-6. Compute / zcoshZ dz
0

1
Problem 22—7. True or False: / ezzdz:e—/e\/ln(y) dy.
0 1

Problem 22-8. Compute (;jyé/ cosy

y=0

Problem 22-9. Compute limtsin(1/ t2).
Problem 22-10. Compute |im xVx,
X O*

dt+sint . .
il e For what values of t is your formulavalid?

Problem 22-11. Compute ————
dtt + cos

Problem 22-12. Suppose r(t) isthe rate, in barrels per day, of oil consumption in
the United States at time t in years, with t = O corresponding to January 1, 2002.

3
What does / r(t) dt represent?
1
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Solutionsto Problems

Problem 22-1. Theinitial endpointsweretaken as /2 and 2. Other choices
are possible. The computations are summarized in the following table.

Endpoints

Left (L) Right(R)  Midpoint (M) N(L) N(R) N(M) R-L

1.5708 6.2832 3.9270 4,0000  -10.0000 8.7426 47124
3.9270 6.2832 5.1051 87426  -10.0000 -10.7043 2.3562
1.5708 5.1051 3.3379 40000 -10.7043 10.7496  3.5343
3.3379 5.1051 4.2215 10.7496  -10.7043 4,9279 1.7671
4.2215 5.1051 4.6633 49279  -10.7043  -3.0634  0.8836
4.2215 4.6633 4.4424 4,9279 -3.0634 1.1255 0.4418
4.4424 4.6633 4.5529 1.1255 -3.0634 -0.9491  0.2209
4.4424 4.5529 4.4976 1.1255 -0.9491 0.0969 0.1104
4.4976 4.5529 4.5252 0.0969 -0.9491 -0.4243  0.0552
4.4976 4.5252 45114 0.0969 -0.4243 -0.1632  0.0276
4.4976 4.5114 4.5045 0.0969 -0.1632 -0.0330  0.0138
4.4976 4.5045 4.5011 0.0969 -0.0330 0.0320 0.0069
4.5011 4.5045 4.5028 0.0320 -0.0330 -0.0005  0.0035
4.5011 4.5028 4.5019 0.0320 -0.0005 0.0157 0.0017
4.5019 4.5028 4.5024 0.0157 -0.0005 0.0076 0.0009
4.5024 4.5028 4.5026 0.0076 -0.0005 0.0036 0.0004

Problem 22—-2. Here areasonable initial estimateis 37/2.

Thefirst timet at which the particle is farthest from (1, 2) ist = 4.502, to 3
decimal places.

then proceed as follows.

The computations

r N(r) N’ (r)
4.7124 -4.0000 -19.0000
4.5019 0.0173 -18.8290
4.5028 0.0000 -18.8341
4.5028 0.0000 -18.8341

Thus the first time the particle is farthest from (1,2) ist = 4.502, to 3
decimal places. What happensif theinitial estimateis n?

Problem 22-3. A graph of the function N(t) shows that the tangent line to the
curvewhent = & hasan intercept near the time of closest approach. The method
then leads to the solution found earlier.

Problem 22—4. The volume requirement impliesthat zr?h = 384. Thecost, in
terms of r and h, of constructing a can is (0.001)(2xcr? + r2h) + (0.002)(27r).
Using the volume requirement to eliminate h gives the cost C(r) in terms of
r aone as C(r) = (0.001)(2rr? + 768/r) + (0.002)(2xr). The domain of C is
0 < r < 0. Computing gives C' (r) = (0.001)(4rr — 768/r2) + (0.002)(2x). The
derivative is zero only when r satisfiesr® + r2 — 768/ 4n = 0. Solving using the
bisection method or Newton’s method givesr = 3.632. Thederivativeisdefined
everywhere in the domain of C. Sincelim, _ o+ C(r) = o and lim; _ . C(r) = oo,
r = 3.632 corresponds to the minimum value of C. The height of the cheapest
canish = 384/ (7(3.632)?).
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Problem 22-5. One approach is to multiply out the integrand and use the
power rule. The substitution rule can also be used. Either way, the value is 456.

1 1
Problem 22—6. zcoshZ dz = (1/2) / coshzdz = (1/2) sinh(1), by using
the substitution me?hod. °

Problem 22—7. Drawing a picture shows that the total area given by the two
integrals adds up to the area of arectangle, making the equality correct.

Problem 22-8. %ey cosy

- = (—eysiny+eycosy)‘y:0 =1

Problem 22-9. For larget, 1/t? issmall. Thussin(1/t?) = 0+ 1/t? + o(1/t?) by
the basic equality. Making this substitution shows that t sin(1/t?) = 1/t + o(1/1),
making the limit zero.

Problem 22-10. Recall that x/* = ¥X¥!"¥ g0 the problem is really to find
Iirg(l/x)ln(x). Replacing x by €™ and letting the new x — o shows that
X +

Ifrgl (/¥ In(x) = lim -x/e™ = -0, So the original limit is zero.
X- 0" X — 00

o (t+ (1 + t)=(t +sint)(1- t
Problem 22-11.  The derivative is (L 251+ €05 = (t+ Sin(1 - cos )'
(t + cost)?

by the quotient rule. Thisformulaisvalid aslong ast + cost # 0.

Problem 22-12. Theintegral isthe total amount of ail, in barrels, used during
the years 2003 and 2004.
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Solutionsto Exercises

Exercise 22-1. The new midpoint is 37/16. Since N(37/16) = —1.934, the
value of t being sought must liein theinterval 37/16 <t < n/4.

Exercise 22—2. The method would be unable to start, since all values of the
function x? are non-negative.
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